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(ROC) analysis has been borrowed from Signal Proagssin
Abstract to become a standard for evaluation and standard setting,

Commonly used evaluation measures including RecafPmparing True Positive Rate and False Positive Rate.
Precision, F-Factor and Rand Accuracy are biased af§ Behavioural Sciences, Specificity and Sensitiatg
should not be used without clear understanding of t§@mmonly used. Alternate techniques, such as Rand
biases, and corresponding identification of chance a ba¥ccuracy and Cohen Kappa, have some advantages but
case levels of the statistic. Using these measusgstam aré nonetheless still biased measures. We will retage

that performs worse in the objective sense of Inforrassin SOMe Of the literature relating to the problems \ifitese

can appear to perform better under any of these commoRlgasures, as well as considering a number of other
used measures. We discuss several concepts and meadgfgiques that have been introduced and argued within
that reflect the probability that prediction is infoed each of th_ese f|elds_, a|_m|_ng/cla|m|ng to address the
versus chance. Informedness and introduce Markednes®"29lems with these simplistic measures.

a dual measure for the probability that predictiamésked Thjs paper recapitulates and re-examines the relatjgmshi
versus chance. Finally we demonstrate elegant conngctiggiween these various measures, develops new insights
between the concepts of Informedness, Markednefgo the problem of measuring the effectiveness of an
Correlation and Significance as well as their inweiti empijrical decision system or a scientific experiment,
relationships with Recall and Precision, and outline trhnalyzing and introducing new probabilistic and
extension from the dichotomous case to the genejgformation theoretic measures that overcome the
multi-class case. problems with Recall, Precision and their derivatives.

Keywords: Recall, Precision, F-Factor, Rand Accuracy, )
Cohen Kappa, Chi-Squared Significance, Log-Likelihood ~ The Binary Case

Significance, Matthews Correlation, Pearson Coni@iat |t js common to introduce the various measures in the
Evenness, Bookmaker Informedness and Markedness context of a dichotomous binary classification prohlem

. where the labels are by convention + and - and the
1 Introduction predictions of a classifier are summarized in a four cel

A common but poorly motivated way of evaluating result§ontingency  table. This contingency table may be
of Machine Learning experiments is using Recal€Xxpressed using raw counts of the number of times each
Precision and F-factor. These measures are named fbdicted label is associated with each real classapibe
their origin in Information Retrieval and present specifi ©xPressed in relative terms. Cell and margin labelstaay
biases, namely that they ignore performance in coyrecfiormal probability —expressions, may derive cell
handling negative examples, they propagate tHXPressions from margin labels or vice-versa, may use
underlying marginal Prevalences and biases, and they faiphabetic constant labedsb, c,d orA,B,C,D

to take account the chance level performance. In ti6 May use acronyms for the generic terms for True and

Medical Sciences, Receiver Operating Characteristif@/Se, Real and Predicted Positives and Negativesen Of
UPPER CASE is used where the values are counts, and

lower case letters where the values are probabilitie
o ) _ proportions relative tdl or the marginal probabilities — we
This is an extension of papers presented at the 2003 Interadati will adopt this convention throughout this paper (always

Cognitive Science Conference and the 2007 Human . . . . L .
. ; ritten intypewriterfont ), and in addition will use
Communication Science SummerFest. Both papers, along wit

scripts/spreadsheets to calculate many of the statiiicussed, “X€d Case (in the normal text font) for popular
may be found atttp://david.wardpowers.info/BM/index.htm ~ nomenclature that may or may not correspond dir¢otly
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+R -R +R -R

+P tp fp pp +P A B A+B
-P fn tn pn -P C D C+D
rp m 1 A+C B+D N

Table 1. Systematic and traditional notations in a binary cotingency table.Colour coding indicates correct
(green) and incorrect (pink) rates or countsin the contingency table.

one of our formal systematic names. True and Falseatter which subset we find, that we can't know laing
Positives TP/FP) refer to the number of Predictedabout the relevance of documents that aren't returned)
Positives that were correct/incorrect, and simjldidr  Recall tends to be neglected or averaged away in Machine
True and False NegativeSN/FN), and these four cells Learning and Computational Linguistics (where the focus
sum toN. On the other hanigp,fp,fn,tn andrp, is on how confident we can be in the rule or clagsgifie

rn and pp, pn refer to the joint and marginal However, in a Computational Linguistics/Machine
probabilities, and the four contingency cells and the twTranslation context Recall has been shown to havga ma
pairs of marginal probabilities each sum to 1. We willveight in predicting the success of Word Alignment
attach other popular names to some of these probabilitigraser & Marcu, 2007). In a Medical context Recall is
in due course. moreover regarded as primary, as the aim is to identify a

We thus make the specific assumptions that we Real Positive cases, and it is also one of thedagshich

- . . . S C analysis stands. In this context it is referred to as
predicting and assessing a single condition that is elth.Fl’ 2 . ' L

- ; h rue Positive Ratetgr ). Recall is defined, with its
positive or negative (dichotomous), that we have ON& lious common appellations. by equation (1):
predicting model, and one gold standard labeling. Unless P -y €q '
otherwise noted we will also for simplicity assume that Recall = Sensitivity= tpr = tp/rp
contingency is non-trivial in the sense that both pasiti = TP /RP=A/(A+C) (1)
and negative states of both predicted and real congliti
occur, so that none of the marginal sums or probadsili§
zero.

0E,lonversely, Precision or Confidence (as it is cafiddata
Mining) denotes the proportion of Predicted Positiveesa
that are correctly Real Positives. This is what Mae
We illustrate in Table 1 the general form of a binaryearning, Data Mining and Information Retrieval focus on,
contingency table using both the traditional alphabetiout it is totally ignored in ROC analysis. It can hoee
notation and the directly interpretable systematic@gogr. analogously be called True Positive Accuratya(),
Both definitions and derivations in this paper are madeing a measure of accuracy of Predicted Positives in
relative to these labellings, although English termg. (e.contrast with the rate of discovery of Real Positives
from Information Retrieval) will also be introducedr fo (tpr ). Precision is defined in (2):
various ratios and probabilities. The green positivBrecision
diagonal represents correct predictions, and the pink
negative diagonal incorrect predictions. The predictains
the contingency table may be the predictions of arjheo These two measures and their combinations focus only on
of some computational rule or system (e.g. an Expdte positive examples and predictions, although between
System or a Neural Network), or may simply be a dire¢them they capture some information about the ratds an
measurement, a calculated metric, or a latent conditickinds of errors made. However, neither of them captures
symptom or marker. We will refer generically to "theany information about how well the model handles
model" as the source of the predicted labels, and "tihhegative cases. Recall relates only to#Recolumn and
population” or "the world" as the source of the redPrecision only to th&P row. Neither of these takes into
conditions. We are interested in understanding to whatcount the number of True Negatives. This also applies
extent the model "informs" predictions about theo their Arithmetic, Geometric and Harmonic MeansGA
world/population, and the world/population "marks‘and F=G2/A (the F-factor or F-measure). Note that th
conditions in the model. F-measure effectively references the True Positivélse
Arithmetic Mean of Predicted Positives and Real Positives
2.1 Recall & Precision, Sensitivity & Specificity being a constructed rate normalized to an idealized value.
The Geometric Mean of Recall and Precision (G-measure)
Effectively normalizes TP to the Geometric Mean of

= Confideneetpa = tp/pp
= TP/ PP= A/(A+B) 2

Recall or Sensitivity (as it is called in Psychologg/the
proportion of Real Positive cases that are correct
Predicted Positive. This measures the Coverage of t
Real Positive cases by th® (Predicted Positive) rule. Its
desirable feature is that it reflects how many of dievant
cases theP rule picks up. It tends not to be very highlyln fact, there is in principle nothing special about the
valued in Information Retrieval (on the assumptions th&tositive case, and we can define Inverse statistiesins
there are many relevant documents, that it doesnly reabf the Inverse problem in which we interchange positive

éedicted Positives and Real Positives, and its rmdtion
content corresponds to the Arithmetic Mean of the

Information represented by Recall and Precision.
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and negative and are predicting the opposite casersev under the control of the experimenter, who can change the
Recall or Specificity is thus the proportion of Realmodel by changing the theory or algorithm, or some
Negative cases that are correctly Predicted Negative (Barameter or threshold, to better fit the world/population
and is also known as the True Negative Rateeing modeled. Note that F-factor effectively refessnc
(tnr ). Conversely, Inverse Precision is the proportibn dp (probability or proportion of True Positives) to the
Predicted Negative cases that are indeed Real Negativeghmetic Mean of Bias and Prevalence. A common rule
(4), and can also be called True Negative Accurmey :  of thumb, or even a characteristic of some algorittisrts,
parameterize a model so that Prevalercdias, viz.

Inverse Recall _ ;l\tI%N _=|;r/1(/|;n+D) 3) rp=pp . Corollaries of this setting are RecalPrecision
L T (=A=G=F) , Inverse Recall = Inverse Precision and
Inverse Precision =tna =tn/pn Fallout = Miss Rate
=TN/PN =D/(C+D) 4) B '

Alternate characterizations of Prevalence are in gesim

Rand_ ) Ac_curacy expllcnly ta_kes mto_ account thebdds (Powers, 2003) or Skew (Flach, 2003), being the
classification of negatives, and is expressible () s a Class Ratioc, = mirp recalling that by definition
weighted average of Precision and Inverse Precision and S ’

as a weighted average of Recall and Inverse Recaﬂtﬂn:l andRN+RP=N. If the distribution is highly

Conversely, the Jaccard or Tanimoto similarity coedfit Skewed, typically there are many more negative casas tha

explicitly ignores the correct classification of neges positive, this means the number of errors due to poor
pucily 19 Y Inverse Recall will be much greater than the number of

(TN): errors due to poor Recall. Given the cost of both False
Accuracy =tea =ter =tp+tn Positives and False Negatives is equal, individually, the
= rp*tpr+rn*tnr overall component of the total cost due to False Pesitiv
= pp*tpat+pn*tna = (A+D)/N (5 (as Negatives) will be much greater at any signifidawsl
Jaccard 2p/(tp+fn+fp) = TP/(N-TN) of chance performance, due to the higher Prevalence of
= A/(A+B+C) = A/(N-D) (6) Real Negatives.

Each of the above also has a complementary form definifgte that the normalized binary contingency table with
an error rate, of which some have specific names andspecified margins has three degrees of freedom — setting
importance: Fallout or False Positive Rdfa () are the any three non—-Redundant ratios determines the rest
proportion of Real Negatives that occur as Predictddetting any count supplies the remaining information to
Positive (ring-ins); Miss Rate or False Negative Rfme ) recover the original table of counts with its four degreie

are the proportion of Real Positives that are Pratlictdreedom). In particular, Recall, Inverse Recall and
Negatives (false-drops). False Positive Rate is tbense Prevalence, or equivalently tpr, fpr amd, suffice to

of the legs on which ROC analysis is based. determine all ratios and measures derivable from the
normalized contingency table, bl is also required to

Fallout -:F goerP f pr//( r§+D) @ determine significance. As another case of specifiarést,
Miss Rate _: fnr ;fn/rn Precision, Inverse Precision and Bias, in combination
= FN/RN = C/(A+C) ®) suffice to determine all ratios or measures, although w

will show later that an alternate characterization of
Note that FN and FP are sometimes referred to as [TypPrevalence and Bias in terms of Evenness allowsven
and Type Il Errors, and the ratles andfp as alpha and simpler relationships to be exposed.

beta, _respecnvely " referring to falsely rejecting %We can also take into account a differential value for
accepting a hypothesis. More correctly, these tenppsy

specifically to the meta-level problem discussed later 8 ositives ¢p) and negativech) — this can be applied to

. . errors as a cost (loss or debit) and/or to correescas a
whether the precise pattern of counts (not rateshén t__. ) . : ) )
ain (profit or credit), and can be combined into a sing|

contingency table fit the null hypothesis of randon?:Ost Ratioc, = cnicp . Note that the value and skew

distribution rather than reflecting the effect of some : C
. . L ; determined costs have similar effects, and may be
alternative hypothesis (which is not in general the one

represented by eithéP-> +R or=P-> =R or both) multiplied to produce a single skew-like cost factor
P y " c=c Cs. Formulations of measures that are expressed

using tpr, fpr anadts may be made cost-sensitive by using
cC=cC ,Cs in place ofc = ¢ 4 or can be made
We now turn our attention to various forms of bias thagtkew/cost-insensitive by usireg=1 (Flach, 2003).
detract from the utility of all of the above surfaceasieres

(Reeker, 2000). We will first note thgt represents the 2.3 ROC and PN Analyses

Prevalence of positive cas&P/N, and is assumed to be a o . )
property of the population of interest — it may be constarﬁ,laCh (2003) has highlighted the utility of ROC analysis to

or it may vary across subpopulations, but is regarded hdf¥¢ Machine Learning community, and characterized the
as not being under the control of the experimenter. BY€W Sensitivity of many measures in that context,
contrast,pp represents the (label) Bias of the modettilizing the ROC format to give geometric insights into

(Lafferty, McCallum and Pereira, 2002), the tendency dfi® nature of the measures and their sensitivitkeéws
the model to output positive labeRP/N, and is directly Furnkranz & Flach (2005) have further elaborated this

2.2 Prevalence, Bias, Cost & Skew
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Figure 1. lllustration of ROC Analysis. Themain

diagonal represents chance with parallel isocost lines

representing equal cost-performance. Points above the
diagonal represent performance better than chance,
those bel ow wor se than chance. For a single good

(green) system, AUC is the area under the curve

(trapezoid between green line and [0,1] on the x-axis).
The perverse (red) system shown is the same (good)
system applied to a problem with class labels rever sed.
The other perverse system with predictions rather than
labels reversed (not shown) forms a parallelogram.

analysis, extending it to the unnormalized PN varidnt
ROC, and targeting their analysis specifically to rul
learning. We will not examine the advantages of RO
analysis here, but will briefly explain the principlasd

recapitulate some of the results.

ROC analysis plots the ratpr
whilst PN plots the unnormalize@P againstFP. This
difference in normalization only changes the scated afpr=fnr

Q r-fpr
érm tpr-fpr

against the ratépr ,

sequence of segments from (0,0) to (1,1). A particular
cost model and/or accuracy measure defines an isocost
gradient, which for a skew and cost insensitive model will
bec=1, and hence another common approach is to choose
a tangent point on the highest isocost line that toutiees t
curve. The simple condition of choosing the point @n th
curve nearest the optimum point (0,1) is not commonly
used, but this distance to (0,1) is giverVpfr fpr) 2+
(1-tpr) 2], and minimizing this amounts to minimizing
the sum of squared normalized errfpr, 2+fnr 2.

A ROC curve with concavities can also be locally
interpolated to produce a smoothed model following the
convex hull of the original ROC curve. lItis even pdssib

to locally invert across the convex hull to repair
concavities, but this may overfit and thus not gener#dize
unseen data. Such repairs can lead to selecting an
improved model, and the ROC curve can also be used to
return a model to changing Prevalence and costs. The area
under such a multipoint curve is thus of some value, but
the optimum in practice is the area under the simple
trapezoid defined by the model:

AUC = (tpr-fpr+1)/2
= (tpr+tnr)/2

=1 — (fpr+fnr)/2 9)

For the cost and skew insensitive case, wgtil,
maximizing AUC is thus equivalent to maximizing
tpr-fpr or minimizing a sum of (absolute) normalized
error fpr+fnr The chance line corresponds to
=0, and parallel isocost lines forl have the
=k. The highest isocost line also
aximizes tpr-fpr and AUC so that these two
approaches are equivalent. Minimizing a sum of squared
normalized error, fpr 2+fnr 2 corresponds to a
Euclidean distance minimization heuristic that is
equivalent only under appropriate constraints, e.g.
, or equivalently, Bias=Prevalence, noting that

gradients, and we will deal only with the normalizedrfor all cells are non-negative by construction.

of ROC analysis. A perfect classifier will score in tbp
left hand corner fpr=0,tpr=100%
classifier will score in the bottom right hand carne

(fpr=100%,tpr=0

(tpr=fpr

1-fpr =
(tpr+c*fpr=1
Prevalence for a skew of

o Racc
The ROC plot allows us to compare classifiers (mode}/sv

). A random classifier would be
expected to score somewhere along the positive diagona
) since the model will throw up positive andAccuracy
negative examples at the same rate (relative to their = 2-Recall-Prewl- Bias-Prev
populations — these are Recall-like scalps=
Inverse Recall).
) corresponds to matching Bias toF-Measure = 2ipr/[tpr+c-fpr+1]

). A worst case

Recall,
For the negative diagonal =

We now summarize relationships between the various
candidate accuracy measures as rewritten in termps, of

fpr and the skewg (Flach,2003), as well in terms of
Reicall, Bias and Prevalence:

= [tpr+c-(1-fpr)]/[1+c]

(10)
Precision = tpr/[tpr+c-fpr]
Recall-Prev/Bias (11
= 2-Recall-Prev/[Bias+Prev] (12)
= 4c-[tpr-fpr]/[1+c]2
= 4 Recall Bias]-Prev (13)

and/or parameterizations) and choose the one that is

closest to (0,1) and furtherest fraowpr=fpr
sense.
parameterization or model are not identical, and intfex

in some The last measure, Weighted Relative Accuracy, was

These conditions for choosing the optimékfined by Lavrac, Flach & Zupan (1999) to subtract off

the component of the True Positive score that is

most common condition is to minimize the area under tradtributable to chance and rescale to the rangeNete
curve (AUC), which for a single parameterization of dhat maximizing WRacc is equivalent to maximizing AUC

model is defined by a single point and the segments tpr-fpr=
connecting it to (0,0) and (1,1).
model it will be a monotonic function consisting af form of WRAcc, withc=1, is preciselypr-fpr

to ROC, Informedness, Markedness & Correlation

2-AUC-1, ag is constant. Thus WRAcc

For a parametdrizdés an unbiased accuracy measure, and the skew-ingensiti

. Each
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of the other measures (10-12) shows a bias in that it caithout the occurrence of a specific outcome condition
not be maximized independent of skew, althougreliably triggering the predictor.
skew-insensitive versions can be defined by settifh. .

. L For the binary case we have
The recasting of Accuracy, Precision and F-Measure In
terms of Recall makes clear how all of these vaty on  Informedness = Recall + Inverse Recal
terms of the way they are affected by PrevalenceBaasl = tpr-fpr = 1-fnr-fpr (14)

Markedness = Precision + Inverse Precisidn

Prevalence is regarded as a constant of the targgitioon - tpa-fna = 1-fpa-ina (15)

or data set (andc = [1- Prey/ Prev), whilst
parameterizing or selecting a model can be viewed iWe noted above that maximizing AUC or the unbiased
terms of trading offpr andfpr asin ROC analysis, or WRAcc measure effectively maximized tpr-fpr and indeed
equivalently as controlling the relative number of pesit WRAcc reduced to this in the skew independent
and negative predictions, namely the Bias, in order tase. This is not surprising given both Powers aadhFI
maximize a particular accuracy measure (Recall, §loei set out to produce an unbiased measure, and the linear
F-Measure, Rand Accuracy and AUC). Note that for definition of Informedness will define a unique linear
given Recall level, the other measures (10-13) alkdeser form. Note that while Informedness is a deep meadure o

with increasing Bias towards positive predictions. how consistently the Predictor predicts the Outcome by
combining surface measures about what proportion of
2.4 DeltaP, Informedness and Markedness Outcomes are correctly predicted, Markedness is a deep

Powers (2003) also derived an unbiased accuracy measFr%asure of how consistently the Outcome has the

. ; - rédictor as a Marker by combining surface measures
to avoid the bias of Recall, Precision and Accuracy due . -
. . about what proportion of Predictions are correct.

population Prevalence and label bias. The Bookmaker
algorithm costs wins and losses in the same way a faéir the Psychology literature, Markedness is known as
bookmaker would set prices based on the odds. Pow&sltaP and is empirically a good predictor of human
then defines the concept of Informedness which represeassociative judgements — that is it seems we develop
the 'edge’ a punter has in making his bet, as evidenced asdociative relationships between a predictor and an
qguantified by his winnings. Fair pricing based on corredutcome when DeltaP is high, and this is true even when
odds should be zero sum — that is, guessing will leave yowltiple predictors are in competition (Shanks,
with nothing in the long run, whilst a punter with cantai 1995). Perruchet and Peereman (2004), in the context of
knowledge will win every time. Informedness is theexperiments on information use in syllable processing,
probability that a punter is making an informed bet and isote that Schanks sees DeltaP as "the normative neeasu
explained in terms of the proportion of the time the edgef contingency", but propose a complementary, backward,
works out versus ends up being pure guesswork. Poweidditional measure of strength of association, DeltaP' aka
defined Bookmaker Informedness for the gendtdhbel, Informedness. Perruchet and Peeremant also note the
case, but we will defer discussion of the general t@rse analog of DeltaP to regression coefficient, and that th
now and present a simplified formulation of Informednes Geometric Mean of the two measures is a dichotomous
as well as the complementary concept of Markedness. form of the Pearson correlation coefficient, the thietvs'

o Correlation Coefficient, which is appropriate unless a
Definition 1 continuous scale is being measured dicotomously in which

Informedness quantifies how informed a predictor s ~ €aseé a Tetrachoric Correlation estimate would be
for the specified condition, and specifies the appropriate, as discussed by Bonnet and Price (2005).

probability that a prediction isinformed in relation to ) . .
the condition (versus chance). 2.5 Causality, Correlation and Regression

o In a linear regression of two variables, we seek ¢adlipt
Definition 2 one variabley, as a linear combination of the other, X,

Markedness quantifies how marked a condition is for finding a line of best fit in the sense of minimizitg sum
the specified predictor, and specifies the probability of squared error (in y). The equation of fit has the form
that a condition is marked by the predictor (versus Y IY oHl X where

chance). re =M Yxy- Yx-Yylin Yx*Yx Yx]  (16)

These definitions are aligned with the psychological angypsiituting in counts from the contingency table, for the

linguistic uses of the terms condition and marker. Th{%gression of predictinR (1) versus=R (0) given+P (1)
condition represents the experimental outcome we afg g5 -P (0), we obtain this gradient of best fit

trying to determine by indirect means. A marker fminimizing the error in the real valuBy:
predictor (cf. biomarker or neuromarker) represents the

indicator we are using to determine the outcome. Tiseref ¢ HAD — BC]/[(A+B)(C+D)]

no implication of causality — that is something we will ~=A/(A+B) — C/(C+D)

address later. However there are two possible directibn = DeltaP = Markedness (17)
implication we will address now. Detection of the

predictor may reliably predict the outcome, with or

Powers 5 Evaluation: From Precision, Recall and F-Factor



Conversely, we can find the regression coefficiemt facoefficients depends only on the Prevalence or Bidseof t
predicting P from R (minimizing the error in the base variates. The regression coefficients, Bookmaker
predictionsP): Informedness (B) and Markedness (M), may thus be
re-expressed in terms of Precision (Prec) or Realalhg
re HAD —BC]/ [(A+C)(B+D)] g o i
~AJ(A+C) — BI(B+D) with Bias and Prevalence (Prev) or their inversgs (I

= DeltaP' = Informedness (18) ™M dtp / [Bias - (X Bias)]
= dip/ BiasG =dtp/  Evenness
=[ Precision — Prevalencg]IBias (20)

Finally we see that the Matthews correlation, a
contingency matrix method of calculating the Pearson
product-moment correlation coefficiept,is defined by B = dtp | [Prevalence - @Prevalence)]

f o =[AD—BCJ/ J[(A+C)(B+D)(A+B)(C+D)] = dip/ PrevG=dtp/  Evenness

= Correlation = #[Informedness-Markedness] (19) [ Eggg:: : E:IllsOIUtIPrev

Recall + IRecall — 1

Sensitivity + Specificity — 1

(LR-1) - (1—Specificity)

(1-NLR) - Specificity

(LR -1) - (1-NLR) (LR-NLR) (21)

Given the regressions find the same line of besthdse
gradients should be reciprocal, defining a perfect
Correlation of 1. However, both Informedness and
Markedness are probabilities with an upper bound of 1, so
perfect correlation requires perfect regression. The

_sqqare_d correlation i?’ a coefficient_ of pr_oportionalit_;in the medical and behavioural sciences, the Likelihood
?Xd'fgﬂgg :)heppr;)r?gritéo?ragl;tig:]zllva{rilli r(])C;tlenr rRetgg;S'?Qatio is LR=Sensitivity/[1-Specificity], and the Negativ
P y T Y P Likelihood Ratio is NLR=Specificity/[1 —Sensitivity]. Fo

probab!l!ty. we can now interpret it either as thego non-negative B, LR>1>NLR, with 1 as the chance case.
probability that P informs R and R marks P, given that t . .

o . . . We also express Informedness in these terms in (21).
two directions of predictability are independent, or as the

probability that the variance is (causally) explainedhe Matthews/Pearson correlation is expressed in reduced
reciprocally. The sign of the Correlation will beettame form as the Geometric Mean of Bookmaker Informedness
as the sign of Informedness and Markedness and indicasesl Markedness, abbreviating their product as BookMark
whether a correct or perverse usage of the informatisn (BM) and recalling that it is BookMark that acts as a
been made — take note in interpreting the final part of (19robability-like coefficient of determination, not itsot,

*he Geometric Mean (BookMarkG or BMG):

Psychologists traditionally explain DeltaP in terms o
causal prediction, but it is important to note that thBMG = dtp  / +[Prev - (:Prev) - Bias - (1Bias)]
direction of stronger prediction is not necessarilg th dtp /[ PrevG - Bias(;

direction of causality, and the fallacy of abductive dtp / Evenness

reasoning is that the truth of &# B does not in general = V[(Recall-Bias)-(PreePrev)]/(IPrev-IBias) (22)
have any bearing on the truth ofB A.

These equations clearly indicate how the Bookmaker
If Pi is one of several independent possible caus®; of coefficients of regression and correlation depend only on
Pi & Ris strong, buR - Piis in general weak for any the proportion of True Positives and the Prevalenck an
specificPi. If Pi is one of several necessary contributindgias applicable to the respective variables. Furtbeem
factors toR, Pi > R is weak for any singlPi, butR -  Prev - Bias represents the Expected proportion of True
Pi is strong. The directions of the implication are thas Positives étp ) relative to N, showing that the coefficients
in general dependent. each represent the proportion of Delta True Posifithes
deviation from expectatiomtp=tp-etp ) renormalized

in different ways to give different probabilities. Eqoat
(20-22) illustrate this, showing that these coefficients
depend only ordtp and either Prevalence, Bias or their

In terms of the regression to R from P, since there are
only two correct points and two error points, and eraoes
calculated in the verticalR) direction only, all errors

contribute equally to tilting the regression down frdra t combination. Note that for a particulaltp these

ideal line of fit. This Markedness regression thus lesi - C

. ; ) . coefficients are minimized when the Prevalence and/or

information about the consistency of the Outcome im$er _: . .
Bléis are at the evenly biased 0.5 level, however in a

of having the Predictor as a Marker — the errors measurg

from the OutcomdR relate to the failure of the Mark® I€aming or pa_ramet_en_zanon context changing the
to be present. Prevalence or Bias will in general change bigth and

etp , and hence can chand® .
We can gain further insight into the nature of thes
regression and correlation coefficients by reducirgdip
and bottom of each expression to probabilities (digdin

2‘;' dnt?]t'en%;[;]tat :gga%riﬁ'izzl;?Q:ngggoﬁogﬂﬁ fg’%é%’\@revalence of Real Negatives) and BiasG of Bias and
J b Inverse Bias (IBias = Bias is bias to Predicted

numerator is the determinant of the contingency matrqgl . .
and common across all three coefficients, reducirnijiq egatives). These Geometric Means represent the
’ Evenness of Real classes (EvengessPrev@) and

whilst the reduced denominator of the regreSSIOIgredicted labels (Evenngss BiasGZ). We also introduce

ft is also worth considering further the relationshiphef
denominators to the Geometric Means, PrevG of
revalence and Inverse Prevalence (IPrev—£rév is
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the concept of Global Evenness as the Geometric MeanWwe now also express the Informedness and Markedness
these two natural kinds of Evenness, Evergiessom forms of DeltaP in terms of deviations from expected
this formulation we can see that for a given relatiiéade values along with the Harmonic mean of the marginal
of true positive prediction above expectatiatp(), the cardinalities of the Real classes or Predicted labels
correlation is at minimum when predictions and outesm respectively, definingDP, DELTAP, RH, PH  and

are both evenly distributed/Evenness = VEvenness = related forms in terms of thel-Relative probabilistic
VEvenness = Prev = Bias = 0.5), and Markedness antbrms defined as follows:

Bookmaker are individually minimal when Bias resp.etIO —p- pp;etn=m pn 23)
Prevalence are evenly distributed (viz. Bias respv Bre '

0.5). This suggests that setting Learner Bias (ardp =tp—etp=dtp
regularized, cost-weighted or subsampled Prevalence) to = -dtn = -(th — etn)
0.5, as sometimes performed in Artificial Neural Networ deltap = dtp — dtn = 2dp (24)

training is in fact inappropriate on theoretical grourads, th= 2rp - m / [rp+m]

has Previously been shown both empirically and based on_ )

Bayesian principles — rather it is best to use LedBias = pH—pr pn/pp+pn] (25)
Natural Prevalence which is in general much less than @&ltaP' or Bookmaker Informedness may now be
(Lisboa and Wong, 2000). expressed in terms afeltap andrh, and DeltaP or

Note that in the above equations (20-22) the denominatl\(élrarke(meSS analogously in termsiedtap  andph:

is always strictly positive since we have occurrerese$ B = DeltaP'= [etp+dtp]/rp — [efp-dtp]/rn

predictions of both Positives and Negatives by earlier = etp/rp — efp/rn + 2dtp/rh

assumption, but we note that if in violation of this = 2dp/rh = deltap/rh (26)
constraint we have a degenerate case in which there, js_ _ _

nothing to predict or we make no effective predictioamtheM = DeltaP= 2dp/ph = deltap/ph (27)
tp=etp anddtp=0 , and all the above regression and’hese Harmonic relationships connect directly with the
correlation coefficients are defined in the limitPrevious Geometric relationships by observing that
approaching zero. Thus the coefficients are zero if artithmeticMean = GeometricMeatiHarmonicMean (0.5
only if dtp is zero, and they have the same sigdtps for marginal rates an/2 for marginal counts). The use of
otherwise. Assuming that we are using the model tine rigGeometricMean is generally preferred as an estimate of
way round, therdtp , B and M are non-negative, andcentral tendency that more accurately estimatesnibde
BMG is similarly non-negative as expected. If the mdslel for skewed (e.g. Poisson) data, and as the central limit o
the wrong way round, thedtp , B, M and BMG can the family of Lp based averages (note that the Geometric
indicate this by expressing below chance performand#lean is the Geometric Mean of the Harmonic and
negative regressions and negative correlation, and we darthmetic Means).

reverse the sense Bfto correct this.

The absolute value of the determinant of the contingengy6 Effect of Bias & Prev on Recall & Precision

matrix,dp=dtp , in these probability formulae (20-22), The final form of the equations (20-22) cancels out the
also represents the sum of absolute deviations fran ttommon Bias and Prevalence (Prev) terms, convetging
expectation represented by any individual cell and hentetpr (Recall) ortpa (Precision). We now recast the
2dp=2DP/Nis the total absolute relative error versuBookmaker Informedness and Markedness equations to
the null hypothesis. Additionally it has a geometricshow Recall and Precision as subject (23-24), in order to
interpretation as the area of a trapezoid in PN-sphee explore the affect of Bias and Prevalence on Recall an
unnormalized variant of ROC (Furnkranz & Flach, 2005)Precision, as well as clarify the relationship of Bookera

We already observed that in (normalized) ROC analysi%nd Markedness to these ubiquitous and iniquitous

. . . measures.
Informedness is twice the triangular area between a
positively informed system and the chance line, arfdig t Recall = Bookmaker (1-Prevalence) + Bias
corresponds to the area of the trapezoid defined byBmokmaker = (Recall-Bias)/ (1-Prevalence) (28)

system (assumed to perform no worse than chance), qgr% cision
any of its perversions (interchanging prediction labeils
not the real classes, or vice-versa, so as to darsystem
that performs no better than chance), and the endpdintsBookmaker and Markedness are unbiased estimators of
the chance line (the trivial cases in which the sydtbels above chance performance (relative to respectively the
all cases true or conversely all are labelled falSagh a predicting conditions or the predicted markers). Equations
kite-shaped area is delimited by the dotted (system) afB-24) clearly show the nature of the bias introduced by
dashed (perversion) lines in Fig. 1 (interchanging clag®th Label Bias and Class Prevalence. If operating at
labels), but the alternate parallelogram (interchangimdhance level, both Bookmaker and Markedness will be
prediction labels) is not shown. The Informedness of zero, and Recall, Precision, and derivatives suchhas t
perverted system is the negation of the Informedofdbe F-measure, will merely reflect the biases. Notet tha
correctly polarized system. increasing Bias or decreasing Prevalence increasefi Reca
and decreases Precision, for a constant level of umbiase

= Markedness (1-Bias) + Prevalence
Markedness = (Precision—Prev) / (1-Bias) (29)
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performance. We can more specifically see that themjuivalence may be a result of unidentified causes,
regression coefficient for the prediction of Redatim alternate outcomes or both.

is — i is + . . .
Prevalence is ~Bookmaker and from Bias is +1, amLPhe Perverse systems (interchanging the labelstoare

S'm"?r_'y the regression coeflicient for the pretint of the predictions or the classes, but not both) havédasim
Precision from Bias is —Markedness and from Prevalenc / X
is +1 performance but occur below the chance line (since we

' have assumed strictly better than chance performance in

In summary, Recall reflects the Bias plus a discountexssigning labels to the given contingency matrix).

estimation of Informedness and Precision reflects ”}&ote that the effect of Prevalence on Accuracy, R "

Prevalence plus a discounted estimation of Markednegr.ecision has also been characterized above (§2.3) in

Given usually Prevalence << % and Bias << %, their , ; .
erms of Flach's demonstration of how skew enters into
complements Inverse Prevalence >> % and Inverse Bigs. AP . .
. L their characterization in ROC analysis, and effetyive
>> Y, represent substantial weighting up of the true . ) L
. : assigns different costs to (False) Positives andsé€la
unbiased performance in both these measures, and hefice?.. . .
. : : . €Qatives. This can be controlled for by setting the
also in F-factor. High Bias drives Recall up stronaihd : )
. . Soarameter: appropriately to reflect the desired skew and
Precision down according to the strength of Informedness L I . o
. . g cost tradeoff, wittc=1 defining skew and cost insensitive
high Prevalence drives Precision up and Recall down = . :
. versions. However, only Informedness (or equivalents
according to the strength of Markedness. ; : o .
such as DeltaP' and skew-insensitive WRAcc) precisely
Alternately, Informedness can be viewed (21) as characterizes the probability with which a model inferm
renormalization of Recall after subtracting off theuece the condition, and conversely only Markedness (orabglt
level of Recall, Bias, and Markedness (20) can be sean grecisely characterizes the probability that a coowliti
renormalization of Precision after subtracting dffet marks (informs) the predictor. Similarly, only the
chance level of Precision, Prevalence (and FlactiR&\¢¢, Correlation (aka Coefficient of Proportionality aka
the unbiased form being equivalent to BookmakeCoefficient of Determination aka Squared Matthews
Informedness, was defined in this way as discussed @orrelation Coefficient) precisely characterizes the
82.3). Informedness can also be seen (21) as peobability that condition and predictor inform/marliclea
renormalization of LR or NLR after subtracting off thei other, under our dichotomous assumptions. Note the
chance level performance. The Kappa measure (Cohdmtrachoric Correlation is another estimate of tearBon
1960/1968; Carletta, 1996) commonly used in assesdoorrelation made under the alternate assumption of an
agreement evaluation was similarly defined as w@anderlying continuous variable (assumed normally
renormalization of Accuracy after subtracting off thelistributed), and is appropriate if we instead assunte tha
expected Accuracy as estimated by the dot product of thuee are dichotomizing a normal continuous variable
Biases and Prevalences, and is expressible as(Hutchison, 1993). But in this article we are making the
normalization of the discriminant of contingency,explicit assumption that we are dealing with a right/wrong
deltap, by the mean error rate (viz. Kappa isdichotomy that is intrinsically discontinuous.

+ . .
delta_tp/ [d?'tap_ meanfp ,in )]). All three measures Although Kappa does attempt to renormalize a debiased
are invariant in the sense that they are propertigheof . . .

. . . _estimate of Accuracy, and is thus much more meaningful
contingency tables that remain unchanged when we ﬂlpi? 2 L
) i, : an Recall, Precision, Accuracy, and their biased
the Inverse problem (interchange positive and negatiive ft

. . . . derivatives, it is intrinsically non-linear, doesattcount
both conditions and predictions). That is we observe: . . .
for error well, and retains an influence of bias, sottierte

Inverse Informedness = Informedness, does not seem that there is any situation when Kappa
Inverse Markedness = Markedness, would be preferable to Correlation as a standard
Inverse Kappa = Kappa. independent measure of agreement (Uebersax, 1987;

The Dual problem (interchange antecedent and consequﬁﬁgen & Price, 2005). As we have seen, Bookmaker

) . . . rmedness, Markedness and Correlation reflect the
reverses which condition is the predictor and theipredl . = . = . : . .
d]||scr|m|nant of relative contingency normalized according

condition, and hence interchanges Precision and Rec?o'different Evenness functions of the marginal Biase!
Prevalence and Bias, as well as Markedness aB(rj

evalences, and reflect probabilities relative he t
Informedness. For cross-evaluator agreement, both

. corresponding marginal cases. However, we have seen

Informedness and Markedness are meaningful althou oo .
. . . . . at Kappa scales the discriminant in a way that refthets

the polarity and orientation of the contingency isteaby.

8 - . . actual error without taking into account expected error due
Similarly when examining causal relationship

(conventionally DeltaP vs DeltaP"), it is useful t@aleiate S:j?sccrri]ma?ncaer;t ?stégleezfﬁgt agtulzl rneé!}r/] Jgrsrgr_uigg ;h?S
both deductive and abductive directions in determining th ' bp

strength of association. For example, the connectigfp /[dp_+mean(p,fn ) = 1/11+meanip,in )/dp] which
A approximates for small error fio meanfp,fn  )/dp.
between cloud and rain involves cloud e causal

antecedent of rain (but sunshowers occur occasionallifhe relatively good fit of Kappa to Correlation and
and rain asne causal consequent of cloud (but cloudynformedness is illustrated in Fig. 2, along with thergdao
days aren't always wet) — only once we have identified of the Rank Weighted Average and the Geometric and
full causal chain can we reduce to equivalence, and lackidhrmonic (F-factor) means. The fit of the Evenness
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Label Bias). In the case of Machine Learning, Dataiij,

or other artificially derived models and rules, theréhis
further question of whether the training and
parameterization of the model has set the 'corretiest’
Prevalence and Bias (or Cost) levels. Furthernstreuld

this determination be undertaken by reference to thelmode
evaluation measures (Recall, Precision, Informedness,
Markedness and their derivatives), or should the mazlel b
set to maximize the significance of the results?

08

0.6 . 3 .
This raises the question of how our measures of

association and accuracy, Informedness, Markedmaks a

0 Correlation, relate to standard measures of significance.

~

This article has been written in the context of av&ilimg
methodology in  Computational Linguistics and
Information Retrieval that concentrates on target pe@sitiv
cases and ignores the negative case for the purpbsghof
measures of association and significance. A classic
example is saying “water” can only be a noun because the
system is inadequate to the task of Part of Speech
identification and this boosts Recall and hence F-faotor

at least setting the Bias to nouns close to 1, anthtieese
Bias to verbs close to 0. Of course, Bookmaker wilh the
be 0 and Markedness unstable (undefined, and very
sensitive to any words that do actually get labellets)e

021

0.2

04

N Y e Y I " We would hope that significance would also be O (or near
sk “W Ml VV\/ \F o “ﬂ A ~ vl zero given only a relatively small number of verbelah
. /\/\WVM\ W - E:; We would also like to be able to calculate significance
W f — R based on the positive case alone, as either theciyditive
sl \ ~_ &1l information is unavailable, or it is not labelled.
/\ e Generally when dealing with contingency tables it is
o7 assumed that unused labels or unrepresented classes are
i 2 © 5 % 10 dropped from the table, with corresponding reduction of

degrees of freedom. For simplicity we have assumed that

110Monte Carlo simulations with 11 stepped expectedthe margins are all non-zero, but thg freedoms are ther
whether they are used or not, so we will not reduama ibre

Informedness levels (red line) with Bookmaker- reduce the table
estimated Informedness (red dots), Markedness (green '
dot) and Correlation (blue dot), and Kappa versus theThere are several schools of thought about signifeeanc
biased traditional measures Rank Weighted Averagetesting, but all agree on the utility of calculating a ptea
(Wav), Geometric Mean (Gav) and Harmonic/F-factor (see e.g. Berger, 1985), by specifying some statistic or
(Fav). The Determinant (D) and Evenness k-th roots exact test T(X) and setting p = Prob(T(X)T(Data)). In
(gR=PrevG and gP=BiasP) are also shown (+1). Hereour case, the Observed Data is summarized in a
K=4, N=128. contingency table and there are a number of tesishwh
can be used to evaluate the significance of the contiggenc

. . . . table.
weighted determinant is perfect and not easily

distinguishable but the separate components (Determin&iar example, Fisher's exact test calculates the proport
and geometric means of Real Prevalences and Predictifrcontingency tables that are at least as favoutatitee

Figure 2. Accuracy of traditional measures.

Biases) are also shown (+1 for clarity). Prediction/Marking hypothesis, rather than the null
hypothesis, and provides an accurate estimate of the
2.7 Significance and Information Gain significance of the entire contingency table withony a

The ability to calculate various probabilities from cons_tral_nts on the walues or dlstr|but|on_. 'I_'he

contingency table says nothing about the significaricealgzg'“kelIhOOd_based Gest fand Pear_son's appro>§|m_at|ng

those numbers — is the effect real. or is it withie t © tests are compared against a Chi-Squared Dl_stnbutlon
- ' f appropriate degree of freedom=({ for the binary

expected range of variation around the values expected htingency table given the marginal counts are known)

chance? Usually this is explored by considering deviatiozynd depend on assumptions about the distribution, and

from the expected value&TP and its relatives) implied may focus only on the Predicted Positives. '

by the marginal countRE, PP and relatives) — or from

expected rates implied by the biases (Class Prevaledce an
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¥* captures the Total Squared Deviation relative {2
expectation, is here calculated only in relation to pa@sit
predictions as often only the overt prediction is coe®d,

and the implicit prediction of negative case is ignored
(Manning & Schitze, 1999), noting that it sufficient toAnalogous formulae can be derived for the significance of
count r =1 cells to determine the table and make the Markedness effect for positive real classesngdhat
significance estimate. Howevey? is valid only for Evenness= BiasG.

reasonably sized contingencies (one rule of thumb is that 2 o _ 2 o

the smallest cell is at least 5 and the Yates antiaviis  * *™ ZZIL\Idth .é-Blaéd = 2N e’ BiasG

corrections will be discussed in due course, see e.g.yl.owr 2N-I\;Ir§-Ev:$nes,s (33)
1999; McDonald, 2007):

2N-dtp 2/ PrevG = 2N 1% -PrevG
2Nrp? -Evennesg
= 2NB*Evenness (32)

The Geometric Mean of these two overall estimatethfor
full contingency table is

2N-dtp 2/ PrevGBiasG

2Nrprg -PrevGBiasG

2Nr?g-Evenness= 2Np?Evenness
2NB-M -Evennesg (34)

Yp= (TP-ETP) 2%[ETP + (FP-EFP)  %/[EFP
= DTP?ETP + DFP %/[EFP 5
= 2DP?/EHP,EHP=2ETP -EFP/[ETP+EFP] X wem
= 2N -dp?/ehp,ehp=2etp -efp/[etp+efp]
= 2N -dp?[rh -pp] = Ndp? / PrevG/ Bias

L R2. I = T2 I
NB Evenznes,sa’ E;lgas NI PrevC_?/ Bias This is simply the total Sum of Squares Deviance (SSD
(N+PN) -r ;-Prev (Bias— 1) accounted for by the correlation coefficient BMG (22)
(N+PN) -B™Evennesg (30)  over theN data points discounted by the Global Evenness

G? captures Total Information Gain, being N times th&Ctor, being the squared Geometric Mean of all four
Average Information Gain in nats, otherwise known agoSitive and Negative Bias and Prevalence terms
Mutual Information, which however is normally expressedEvenness = PrevGBiasG). The less even the Bias and

in bits. We will discuss this separately under the Génerg'evalence, the more data will be required to achieve

Case. We deal with Gor positive predictions in the caseSidnificance, the maximum evenness value of 0.25 being
of small effect, that isip close to zero, showing thaf & achieved with both even bias and even Prevalence. Note

o
1

twice as sensitive ag in this range. that_ _for even bias_ or _Pr_eyalence, the corresponding
positive and negative significance estimates match the
Gipl2 =TP In(TP/IETP) + FP  -In(FP/EFP) global estimate.
=TPIn( 1+DTP/ETP)+FPIn( I+DFP/EFP)  \yhen 2, or G, is calculated for a specific label in a
~ TP(DTP/ETP) + FP  -(DFP/EFP) dichotomous contingency table, it has one degree of
= 2N -dp?/ehp freedom for the purposes of assessment of significance.

2N -dp?[rh -pp]=N -dp? Prev@/ Bias The full table also has one degree of freedom, and
N-B%Evennesg Bias= Nr%-PrevG/ Bias summing for goodness of fit over only the positive
2 . prediction label will clearly lead to a lowgt estimate than
(N+PN) -r’p-PrevG (Bias— 1) . ; .
> summing across the full table, and while summing for only
(N+PN) -B™Evennesg G the negative label will often give a similar resulwitl in
In facty” is notoriously unreliable for small N and smallgeneral be different. Thus the weighted arithmetic mean
cell values, and 8 to be preferred. The Yates correctiorfalculated bykg is an expected value independent of the
(applied only for cell values under 5) is to subtract 0.8rbitrary choice of which predictive variate is istigated.
from the absolutelp value for that cell before squaring This is used to see whether a hypothesized main éffiect

completing the calculation (Lowry, 1999; McDonald alternate hypothesis, i is borne out by a significant
2007). difference from the usual distribution (the null hypotbes

o Ho). Summing over the entire table (rather than averaging
Our result (30-1) shows that andG significance of the labels), is used foy? or & independence testing
Informedness effect increases wNlas expected, but also independent of any specific alternate hypothesis

with the square of Bookmaker, the Evenness of Prevalenﬁ\ﬁcDonald 2007), and can be expected to achiey® a
(Evennesg = PrevG = Prey(1-Prev)) and the number of ogjimate approximately twice that achieved by the above

Predicted Negatives (viz. with Inverse Bias)! Thi®i® egtimates, effectively cancelling out the Evenness term,
expected. The more Informed the contingency regarding 4 is thus far less conservative (viz. it is mokelyi to
positives, the less data will be needed to rea@htisfy pL):

significance. The more Biased the contingency towardg , ) .
positives, the less significant each positive is aediore  X'em = Nr‘g= Np“= N¢°= NBM (35)

data is needed to ensure significance. The Bias-weight@die that this equates Pearson’s Rhowith the Phi
average over all Predictions (here for2 case: Positive cqrelation Coefficienty, which is defined in terms of the

and Negative) is simpliKNB*PrevG which gives us an heria o?=/%/N . We now have confirmed that not only

estimate of the significance without focussing on eithe,as 4 factor of N connects the full contingenytG
case in particular. Mutual Information (MI), but it also normalizes theful
approximate y*> contingency to Matthews/Pearson

u
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(=BMG=Phi) Correlation, at least for the dichotomouslready standardized measures of deviation from null or
case. This tells us moreover, that Ml and Correlatien afull correlation respectivelys{u=1). Note however that if
measuring essentially the same thing, but Ml and Phi dleeempirical value is 0 or 1, these measures admit no error
not tell us anything about the direction of the catieh, versus no information or full information resp. If the
but the sign of Matthews or Pearson or BMG Corratatictheoretical value is B=0, then a full £1 error is possible,
does (it is the Biases and Prevalences that arephiedti particularly in the discrete low N case where it d@n
and squarerooted). equilikely and will be more likely than expected values
that are fractional and thus likely to become zeroshdf t
Afeoretical value is B=1, then no variation is expected

nc
table estimation of p by the Fisher Exact Test, bufihe l}/nle_ss due to measuremen t error. Thus]Teflects the
maximum (low N) deviation in the absence of

independence estimate can over inflate the statisédal

) easurement error.
summation of more than there are degrees of freedom. ‘IIHe
conservativeness has to do both with distributiondlhe standard Confidence Interval is defined in terms of
assumptions of the? or G estimates that are only the Standard Error, SEJFSSE/(Ns (N-1))] =V[sse/(N-1)].
asymptotically valid as well as the approximative ratfr It is usual to use a multiplier X of around X=2 as, gitlen
% in particular. central limit theorem applies and the distribution can b
Also note thato bounds the probability of the null rega_rded as non;nal, a multiplier of 1'9?’ co_rresponds_t_o a
hypothesis, but &-is not a good estimate of the probabiltyconf'dence of 95% that the true mean lies in the specified

' interval around the estimated mean, viz. the prdibabi

of any speC|f|_c_aIterr_1ate hypothesis. Based on a Bﬁﬂyes'that the derived confidence interval will bound the true
equal probability prior for the null hypothesis(He.g.

B=M=0 as population effect) and an unspecific one-taildgean is 0.95 and the test thus corresponds approximately

alternate hypothesis fe.g. the measured B and C as trute0 a significance test withlpha =0.05 as the probability

opulation effect), we can estimate new posteri (?f rejecting a correct null hypothesis, or a power wett
populatic . ' - P Yeta =0.05 as the probability of rejecting a true full or
probability estimates for Type | (Hejection Alpha(p) ) . . .
and Type Il (H rejection, Beta(p) ) errors from the pgrtl_al _correlatlon hyp_othe5|s. A nu_mber of other
o o . distributions also approximate 95% confidence at 2SE.
posthoc likelihood estimation (Sellke, Bayari and Berger,
1999): We specifically reject the more traditional approachcivhi

assumes that both Prevalence and Bias are fixed, defining

The individual or averaged goodness-of-fit estimates
in general much more conservative than full continge

L(p) = Alpha(p)/Beta(p) margins which in turn define a specific chance catieer
~ —e p log(p) (36) than an isocost line representing all chance cases — we
_ cannot assume that any solution on an isocost line has
Alpha(p) = L/[1+1/L(p)] (37) greater error than any other since all are by definition
Beta(p) = 1/[1+L(p)] (38) equivalent. The above approach is thus argued to be
appropriate for Bookmaker and ROC statistics which are
2.8 Confidence Intervals and Deviations based on the isocost concept, and reflects the fachtbst

practical systems do not in fact preset the Bias achmia

An alternative to significance estimation is confidencgy prevalence, and indeed Prevalences in early triajs
estimation in the statistical rather than the data rginirpe quite different from those in the field.

sense. We noted earlier that selecting the higlsesbst . )

line or maximizing AUC or Bookmaker Informedness, B,J€ Specific estimate of sse that we preserdiftha , the

is equivalent to minimizing for+fnr=  (1-B) or probability of the current estimate for B occurringhét
maximizingtpr+tnr  =(1+B), which maximizes the sum ué Informedness is B=0, issse go=|1- B|=1, which is

of normalized squared deviations of B from chancéPPropriate for testing the null hypothesis, and thus for
sse g=B? (as is seen geometrically from Fig. 1). Note that€fining unconventional error bars on B=0. Convetsel
this contrasts with minimizing the sum of squares digtan¢’SS€ s2=|B|=0, is appropriate for testing deviation from
from the optimum which minimizes the relative sum of'® full hypothesis in the absence of measurement, error
squared normalized error of the aggregated contingen®}ilst Vsse g;=[B|=1 conservatively allows for full range
sse g=fpr 2+fnr 2. However, an alternate definition Measurement error, and thus defines unconventional erro
calculating the sum of squared deviation froptimumis ~ Pars on B=M=C=1.

as a normalization the square of the minimum distance i view of the fact that there is confusion betweenute
the isocost of contingencyse g=(1- B)". of beta in relation to a specific full dependency

This approach contrasts with the approach of considerifiyPothesis, B=1 as we have just considered, and the
the error versus a specific null hypothesis representing thonventional definition of an arbitrary and unspecific
expectation from margins. Normalization is to the rang@ltérnate contingent hypothesis#® we designate the
[0,1] like |B| and normalizes (due to similar trianylet probability of incorrectly excluding the full hypothe_S|s by
orientations of the distance between isocosts (Figvith ~9amma and propose three possible related kinds of
these estimates the relative error is constant aed €orrection for thelsse for beta : some kind of mean of
relative size of confidence intervals around the aadl Bl @nd |1BJ (the unweighted arithmetic mean is 1/2, the

full hypotheses only depend o as |B| and }B| are geometric mean is less conservative and the harmonic
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mean least conservative), the maximum or minimursystem) the traditional approach of checking that 1.95SE
(actually a special case of the last, the maximum beirfgr 2SE) error bars don’t overlap is rather conseredit
conservative and the minimum too low an underestimai® enough for the value to be outside the range for a
in general), or an asymmetric interval that has ongevah  two-sided test), whilst checking overlap of 1SE errosbar
the null side and another on the full side (a paranzet@ri is usually insufficiently conservative given that the uppe
special case of the last that corresponds to percenségibarepresentdeta <alpha . Where it is expected that one
usages like box plots, being more appropriate twill be better than the other, a 1.65SE error bar inclydi
distributions that cannot be assumed to be symmetric). the mean for the other hypothesis is enough to irglicat
The+vsse means may be weighted or unweighted and I.?]lgmflcance (or powe_ﬂ-beta ) corresponding - to
. ; : . ; alpha (orbeta ) as desired.
particular a self-weighted arithmetic mean gives our
recommended definition{sse g,=1- 2|B}2B?, whilst an The traditional calculation of error bars based on $fm
unweighted geometric mean givésse g,=\[|B|- B] and Squared Error is closely related to the calculation of
an unweighted harmonic mean givé&se g,=|B} B% All  Chi-Squared significance based on Total Squared
of these are symmetric, with the weighted arithmeticmedeviation, and like it are not reliable when the
giving a minimum of 0.5 at B=+0.5 and a maximum of 1 aassumptions of normality are not approximated, and in
both B=0 and B=%1, contrasting maximally witse g  particular when the conditions for the central lihgdrem
and sse g, resp in these neighbourhoods, whilst thare not satisfied (e.g. N<12 or cell-count<5). They ate n
unweighted harmonic and geometric means having theippropriate for application to probabilistic measures of
minimum of 0 at both B=0 and B=+1, acting likee g  association or error. This is captured by the meetirigeo
and sse g, resp in these neighbourhoods (which therX=2 error bars for the fullsce g;) and null se go)
evidence zero variance around their assumed true yaludg/potheses at N=16 (expected count of only 4 per cell).
The minimum at B=+0.5 for the geometric mean is 0.5 a

for the harmonic mean, 0.25. r]Qere we have considered only the dichotomous case but

discuss confidence intervals further below, in relation to
For this probabilistic |B| range, the weighted ariticne the general case.

mean is never less than the arithmetic mean and the

geometric mean is never more than the arithmetic mea&. Simple Examples

These_relatlons_ demo_nstrate the _complementary_ n'a'tumBookmaker Informedness has been defined as the
the weighted/arithmetic and unweighted geometric mears

. : fobability of an informed decision, and we have shown
The maxima at the extremes is arguably more appropriate : .
. : . ! identity with DeltaP’ and WRAcc, and the close
in relation to power as intermediate results shoul

calculate squared deviations from a strictly intermedia{ elationship (10, 15) with ROC AUC. A system that makes

expectation based on the theoretical distribution, and wit informed (correct) decision for a target conditiothw

thus be smaller on average if the theoretical h cﬂheé)erbab”ity B, and guesses the remainder of the tinfe, w
. .- 9 . : Al hyp exhibit a Bookmaker Informedness (DeltaP') of B and a
holds, whilst providing emphasized differentiation whe

near the null or full hypothesis. The minima of Ottae Recall of B-(1-Prev) + Bias. Conversely a proposed

extremes are not very appropriate in  relation tg1arker which is marked (correctly) for a target condition
y approp with probability M, and according to chance the remainder

significance versus the null hypothesis due the expectatiopthe time, will exhibit a Markedness (DeltaP) otd a

of a normal distribution, but its power dual versus the fugrecision of M-(1-Bias) + Prev. Precision and Recall ar

hypothesis is appropriately a minimum as perfe%us biased by Prevalence and Bias, and variation of

correlation admits no error distribution. Based on Monte .
system parameters can make them rise or fall

Carlo simulations, we have observed that seti®g,= independently of Informedness and Markedness.

Vsse Bz:l? [B] as per the u;ual convent_|on IS apprOpr'me)(ccuracy is similarly dependent on Prevalence and Bias:
conservative on the upside but a little broad on the

downside, whilst the weighted aritimetic mean2:(B-(1-Prev)-Prev+Bias-Pred}( BiastPrev),
Vsse g4=1- 2|B}-2B?, is sufficiently conservative on the and Kappa has an additional problem of non-linearity due
downside, but unnecessarily conservative for high B.  to its complex denominator:

Note that these two-tailed ranges are valid for Bookmak8y (1-Prev)-Prev / (IBias-Prev (Bias+Prev)/2).
Informedness and Markedness that can go positive gris thus useful to illustrate how each of these other
negative, but a one tailed test would be appropriate f{easures can run counter to an improvement in overall
unsigned statistics or where a particular direction Qfystem performance as captured by Informedness. For the
prediction is assumed as we have f_or_ our contingengy(ammes in Table 2 (for N=100) all the other meassee r
tables. In these cases a smaller multiplier of 1.65 wouldme quite considerably, but Bookmaker actually falls.
suffice, however the convention is to use the overfappi Taple 2 also illustrates the usage of the Bookmaker and
of the confidence bars around the various hypothesgfyrkedness variants of theé statistic versus the standard
(although usually the null is not explicitly represented)  tormulation for the positive case, showing also e K

Thus for any two hypotheses (including the nulfl@ss contingency version (feF2 in this case).

hypothesis, or one from a different contingency table qote that under the distributional and approximative
other experiment deriving from a different theory Ohssumptions fog? neither of these contingencies differ
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Table 2. Binary contingency tablesColour coding is asin Table 1, showing example counts of correct (green) and
incorrect (pink) decisions and the resulting Bookmaker Infor medness (B=WRacc=DeltaR, Markedness (C=DeltaP)
Matthews Correlation (C), Recall (Rec) Precision (Prec) Rand Accuracy (Rac) Harmonic Mean of Recall and Precision (F),
Geometric Mean of Recall and Precision (G), Cohen Kappa (i),and y calculated using Bookmaker (x°+p), Markedness (x *+R)
and standard (y ?) methods acr oss the positive prediction or condition only, as well as calculated across the entire K=2 class
contingency using the newly proposed methods, all of which are designed to be referenced to alpha (o) according to the y >
distribution, and are more reliable due to taking into account all contingencies. Sngle-tailed threshold is shown for 0=0.05

sufficiently from chance at N=100 to be significanthe t |n the case where an unimpeachable Gold Standard is
0.05 level due to the low Informedness Markedness a%?nployed for evaluation of a system, the appropriate
Correlation, however doubling the performance of thgormalization is for Prevalence or Evenness of #e r

system would suffice to achieve significance at N=10§o|d standard values, giving Informedness. Since this is

given the Evenness specified by the Prevalences andighstant, optimizing Informedness and optimizitgare
Biases). Moreover, even at the current performaasd  equivalent.

the Inverse (Negative) and Dual (Marking) Problems show
highery? significance, approaching the 0.05 level in som¥ore generally, we can look not only at what proposed
instances (and far exceeding it for the Inverse Duije ~ Solution ~ best solves a problem, by comparing
KB variant gives a single conservative significanaelle Informedness, but which problem_ is most usefully solved
for the entire table, sensitive only to the directiof DYy @ proposed system. In a medical context, for example,
proposed implication, and is thus to be preferred ower tif is usual to come up with po_tentlally useful medlt_:atlons
standard versions that depend on choice of condition. Or tests, and then explore their effectiveness acrogde

) ) o range of complaints. In this case Markedness may be
Incidentally, the Fisher Exact Test shows significatuce appropriate for the comparison of performance across
the 0.05 level for both the examples in Table 2. Thigitferent conditions.

corresponds to an assumption of a hypergeometric ) ) )
distribution rather than normality — viz. all assignmesits Recall and Informedness, as biased and unbiasezhtari
events to cells are assumed to be equally likely given tRf the same measure, are appropriate for testing
marginal constraints (Bias and Prevalence). Howevier it Effectiveness relative to a set of conditions, ane th
in appropriate given the Bias and Prevalence are niftPortance of Recall is being increasingly recognized a
specified by the experimenteradvance of the experiment having an important role_z in matching hum_an performa_nce,
as is assumed by the conditions of this test. This Isas afor €xample in Word Alignment for Machine Translation
been demonstrated empirically through Monte Caﬂg_:raser and Mar_cu, 2007)_. Precision and Markedness, as
simulation as discussed later. See Sellke, Bayarri, aRi@Sed and unbiased variants of the same measure, are
Berger (2001) for a comprehensive discussion on issu@BPropriate for testing effectiveness relative to mote
with significance testing, as well as Monte carlgredictions. This is particularly appropriate where dee

simulations. not have an appropriate gold standard giving correct labels
for every case, and is the primary measure used in
4  Practical Considerations Information Retrieval for this reason, as we canmuivk

the full set of relevant documents for a query and thus
If we have a fixed size dataset, then it is arguablygefft cannot calculate Recall.
to maximize the determinant of the unnormalized . . .
contingency matrixPT. However this is not comparable 1OWeVer, in- this latter case of an incompletely
across datasets of different sizes, and we thus needct@rgcterlzed tes’F set, we do not have a fully spdcifie
normalize forN, and hence consider the determinant of thgontingency matrix and cannot apply any of the other

normalized contingency matridlt . However, this value M€asures we have introduced. Rather, whether for
is still influenced by both Bias and Prevalence. Information Retrieval or Medical Trials, it is assunbdt

a test set is developed in which all real labels drabtg
In the case where two evaluators or systems are beig@it not necessarily perfectly) assigned. Note thabime
compared with no a priori preference, the Correlatiodomains, labels are assigned reflecting differentdest
gives the correct normalization by their respectives&@a assurance, but this has lead to further confusion inaelat
and is to be preferred to Kappa. to possible measures and the effectiveness of the
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techniques evaluated (Fraser and Marcu, 2007). dategorized wittK labels, and again we will assume that
Information Retrieval, the labelling of a subseta&lerant each class is non-empty unless explicitly allowed (this is
documents selected by an initial collection of systeams cbecause Precision is ill-defined where there are no
lead to relevant documents being labelled as irrelevapitedictions of a label, and Recall is ill-defined whitrere
because they were missed by the first generation systemare no members of a class).

so for example systems are actually penalized for

improvements that lead to discovery of relevan.1 Generalization of Association

documents that do not contain all specified query words. )
Thus here too, it is important to develop test setsahat ZOWers (2003) derives Bookmaker Informedness (41)

appropriate size, fully labelled, and appropriate fa thanalogously to M_utua_l Information & Conditional En_tropy
correct application of both Informedness and Markedned$9-40) as a pointwise average across the contingency

as unbiased versions of Recall and Precision. cells, expressed in terms of label probabilitied)Pwhere
Pe(l) is the probability of Predictionl, and

This Information Retrieval paradigm indeed provides mpel-conditioned class probabilitieg(E]l) , where R(c|l)
good example for the understanding of the Informednegsthe probability that the Prediction labeléd actually of
and Markedness measures. Not only can documemigal class, and in particularPg(l|l) = Precisionl), and
retrieved be assessed in terms of prediction of retevanyhere the delta functions are mathematical shorthiamds
labels for a query using Informedness, but queries can Bgolean expressions interpreted algorithmically as in C,
assessed in terms of their appropriateness for theedesiwith true expressions taking the value 1 and false

documents using Markedness, and the different kinds @pressions 0, so th&§ = (c =) represents the standard
search tasks can be evaluated with the combination of thgac delta function anéy = (c #1) its complement.

two measures. The standard Information Retrieval mantr

that we do not need to firall relevant documents (so that M!(RIIP) =1 Pe(l) 2 Pr(cll) [Hog(Re(cl))/Pr(c)] (39)
Recall or Informedness is not so relevant) applidy onH(R|P) =ZI Pe(l) Zc Pr(c|l) [-log(Px(c|)] (40)
where there are huge numbers of documents containing the

required information and a small number can be expectSdRIP) =21 Pe(l) e Pr(cll) [Pe()/(Pr(l) —3a)] (41)

to provide that information with confidence. Howevenwe now define a binary dichotomy for each labaith |
another kind of Document Retrieval task involves @and the correspondingas the Positive cases (and all other
specific and rather small set of documents for which wapels/classes grouped as the Negative case). We next
need to be confident that all or most of them haven begenote its Prevalence PrBv(and its dichotomous
found (and so Recall or Informedness are especialBbokmaker Informedness B(and thus can simplify (41)
relevant). This is quite typical of literature review a to

specialized area, and may be complicated by new

developments being presented in quite different forms WRlP) =2 Prev() B() (42)
researchers who are coming at it from different dioes, Analogously we define dichotomous Bigs( and

if not different disciplinary backgrounds. A good examplélarkednessi) and derive

of this is the decade it has taken to find the literatiuaé .

discusses the concept variously known as EdgM,(PlR) =2 Bias€) M(c) (43)
Informedness, Regression, DeltaP' and ROC AUC — amiese formulations remain consistent with the definitio
perhaps this wheel has been invented in yet other contegtsnformedness as the probability of an informed denisi

as well. versus chance, and Markedness as its dual. The Geometric
Mean of multi-class Informedness and Markedness would
5 The General Case appear to give us a new definition of Correlation, whose

So far we have examined only the binary case wifffludreé Pprovides a well defined Coefficient of

dichotomous Positive versus Negative classes and labelgetermination. Recall that the dichotomous forms  of
Markedness (20) and Informedness (21) have the

It is beyond the scope of this article to consider thgeterminant of the contingency matrix as common
continuous or multi-valued cases, although the Matthewuimerators, and have denominators that relate onheto t
Correlation is a discretization of the Pearson Cati@ margins, to Prevalence and Bias respectively. Cdioala
with its continuous-valued assumption, and the Spearmpfarkedness and Informedness are thus equal when
Rank Correlation is an alternate form applicable tprevalence = Bias. The dichotomous Correlation
arbitrary discrete value (Likert) scales, and Tetrécho Coefficient would thus appear to have three factors, a
Correlation is available to estimate the correlattban common factor across Markedness and Informedness,
underlying continuous scale. If continuous measuregpresenting their conditional dependence, and factors
corresponding to Informedness and Markedness &fgpresenting Evenness of Bias (cancelled in Markejiness

required due to the canonical nature of one of the scalgnd Evenness of Prevalence (cancelled in Informedness),
the corresponding Regression Coefficients are availabl each representing a marginal independence.

It is however, useful in concluding this article to swier  |n fact, Bookmaker Informedness can be driven arbiyraril
briefly the generalization to the multi-class casej @  close to 0 whilst Markedness is driven arbitrarilyse to 1,
will assume that both real classes and predicted classesdemonstrating their independence — in this case Recall and
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: - Determination acts as the joint probability of mutual
V determination, but to the extent that they are dependent,
the Correlation Coefficient itself acts as the join
probability of mutual determination.

These conditions carry over to the definition of
Correlation in the multi-class case as the Geombtean

of Markedness and Informedness — once all nhumerators
are fixed, the denominators demonstrate marginal
independence.

We now reformulate the Informedness and Markedness
measures in terms of the Determinant of the Contingenc
and Evenness, generalizing (20-22). In particular, we note
that the definition of Evenness in terms of the Gaome
Mean or product of biases or Prevalences is consistent
with the formulation in terms of the determinabtsTand

det (generalizing dichotomouBP=DTPanddp=dtp )

and their geometric interpretation as the area of a
parallelogram in PN-space and its normalization to
ROC-space by the product of Prevalences, giving
Informedness, or conversely normalization to Markesines
by the product of biases. The generalizatio®BiT to a
volume in high dimensional PN-space adet to its
normalization by product of Prevalences or biases, is
sufficient to guarantee generalization of (20-22) Ko
classes by reducing frokD to SSD so that BMG has the

04k B | form of a coefficient of proportionality of variance:
B M =~ [det/ BiasG|¥K
DB = det ?/ Evenness (44)
06 DM H
DBa B ~ [det/ PrevG ]?X
e = det %/ Evenness (45)
— px+1
a8 “f | BMG ~ det ¥ /[ PrevG - Bias
e = det €/ Evenness. (46)
- Bﬁiﬁ We have marked the Evenness terms in these equations

15 % m 5 m 0 with a trailing plus to distinguish them from other usages

and its definitions are clear from comparison of their
‘ ) > denominators. Note that the Evenness terms for the
110Monte Carlo simulations with 11 stepped expected generalized regressions (44-45) are not Arithmetic Means
~ Informedness levels (red line) with Bookmaker- but have the form of Geometric Means. Furthermor, th
estimated Informedness (red dots), Markedness (green dgt;hotomous case emerges fd(=2 as expected.
and Correlation (blue dot), with significance (p+1)  gmpirically (Fig. 3), this generalization matches wnar

calculated using &X’, and Fisher estimates, and g o B=1, but fares less well in between the extremes
Correlation estimates calculated from the Determinaint Osuggesting a mismatched exponent in the heuristic

Contingency using two different exponent¥ #DB & conversion of K dimensions to 2.
DM) and 1/[X- 2] (DBa and DMa). The difference

between the estimates is also shown. Here K=4, N=12gn Fig. 3 we therefore show and compare an alternate
X=1.96,0=p=0.05. exponent of 1/(RB-2) rather than the exponent ofk2/

shown in (44 to 45). This also reduces to 1 and herce th

Precision will be driven to or close to 1. The aenity —€xpected exact correspondencelfeR. This suggests that
close hedge relates to our assumption that all predioted avhat is important is not just the number of dimensions,
real classes are non-empty, although appropriataslimihe also the number of marginal degrees of freedom:
could be defined to deal with the divide by zero problemt§*2(K- 1), but although it matches well for high degrees
associated with these extreme cases. TechnicaIRf, association it shows similar error at low informess
Informedness and Markedness are conditionaliyhe precise relationship between Determinant and
independent — once the determinant numerator is fixdgorrelation, Informedness and Markedness for the genera
their values depend only on their respective margin§fse remains a matter for further investigation. We
denominators which can vary independently. To the extei@wever continue with the use of the approximation based
that they are independent, the Coefficient ofn 2K

Figure 3. Determinant-based estimates of correlation.
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The Evennegs (Prev.IPrev) concept corresponds to theells is appropriate for testing the null hypothedis,and
concept of Odds (IPrev/Prev), where Prev+IPrev=1, aride calculation versuaspha , but is patently not the case
Powers(2003) shows that (multi-class) Bookmakawhen the cells are generatedkogondition variables and
Informedness corresponds to the expected return per Bgprediction variables that mirror them. Thus a coroect
made with a fair Bookmaker (hence the name). From tli® in order for the calculation of beta for some specifi
perspective of a given bet (prediction), the return irsgga alternate hypothesis Hr to examine the significance of
as the probability of winning decreases, which means thae difference between two specific hypothesgsiitl H
an increase in the number of other winners can inctkase which may have some lesser degree of difference.

return for a bet on a given horse (predicting a pdaticu . : . . .
) Whilst many corrections are possible, in this case
class) through changing the Prevalences and thus . .
correcting the degrees of freedom directly seems
Evennesg and the Odds. The overall return can thus . . : _
. . ) . . ~appropriate and whilst using = (K-1F degrees of
increase irrespective of the success of bets in relatio . ) . 7
; . freedom is appropriate falpha , usingr = K-1 degrees
those new wins. In practice, we normally assumewleat ; -
. " . . of freedom is suggested ftweta under the conditions
are making our predictions on the basis of fixed (but not Co : . : L
. . ) where significance is worth testing, given the aisgimn
necessarily known) Prevalences which may be estihaate

priori (from past data) or post hoc (from the experiment m|r_ror|ng) _between the variables is almost com_plb‘:e
data itself), and for our purposes are assumed to esting againdbeta , as a threshold on the probability that

e . . o
estimated from the contingency table. a specific alternate hypothesis of the tested assatiatio

being valid should be rejected. The difference ina
statistic between two systemrs£ K-1) can thus be tested
for significance as part of comparing two systems (the
In relation to Significance, the single cla(ssz and sz Correlation-based statistics are recommended in they.ca

definitions both can be formulated in terms of cell ¢sun The approach can also compare a system against a model
and a function of ratios, and would normally be summedith specified Informedness (or Markedness). Two
over at least{-1) cells of aK-class contingency table special cases are relevant herg, e null hypothesis
with (K-1) degrees of freedom to produce a statistic fg¢orresponding to null Informedness (B = O: testipgha

the table as a whole. However, these statisticsnare With r = (K-1)), and H, the full hypothesis
independent of which variables are selected for evatuatigorresponding to full Informedness (B = 1: testigga

or summation, and the p-values obtained are thus quitéhr =K-1).

misleading, and for highly skewed distributions (in termgq, aions 47-49 are proposed for interpretation under
of Bias or Prevalence) can be outlandishly incorreatelf

. > = K-1 degrees of freedom (plus noise) and are
sum Iog-!lkellhood (31) over ali” cells we geN-MI(R|IP) hypothesized to be more accurate for investigating the
which is invariant over Inverses and Duals.

probability of the alternate hypothesis in question, H
The analogous Prevalence-weighted multi-class statisfieeta ).

generalized from the Bookmaker Informedness form Cﬁquations 50-52 are derived by summing over Hrel)
the Significance statistic, and the Bias-weightedsstat complements of each class and label before applyiag th

generalized from the Markedness form, extend Eqns 32-gd,, - ance or bias weighted sum across all predictind

to theK>2 case by probability-weighted summation (this iSqditions.  These measures are thus applicable for

a weighted Arithmetic Mean of the individual Case§yterpretation under = (K-17 degrees of freedom (plus
targeted to=K- 1 degree of freedom): biases) and are theoretically more accurate for etitigna
X2K3= KN -B>Evennesg. (47) the probability of the null hypothesisoHalpha ). In

5 5 practice, the difference should always be slight (as the
Lwm = KN -M*Evennesg (48)  cumulative density function of the gamma distributién
XZKBM: KN -B-M-Evenness. (49) s locally near linear im) reflecting the usual assumption

thatalpha andbeta may be calculated from the same

For K=2 and r=1, the Evenness terms were the product @t;intion. Note that there is no difference in eittie

two complementary Prevalence or Bias terms in bath th,. 1, 1ae nor whenk=2.

Bookmaker derivations and the Significance Derivations

5.2 Generalization of Significance

and (30) derived a single multiplicative Evenness factofxe =K (K-1yNB*Evennesg (50)
from a squzared Evenne_ss factor in the numerator_dgrivi 2 =K (K-1yNM>Evenness (51)
from dtp ©, and a single Evenness factor in th ,

denominator. We will discuss both these Evenness termtigem = K (K=1)N-B-M-Evennesg. (52)

in the a later section. We have marked the Evenegsst Equations 53-55 are applicable to naive unweighted

in (47-49) with a trailing minus to distinguish them fromg,,mation over the entire contingency table, but also
the forms used in (20-22,44-46). correspond to the independence test withe (K-1)

One specific issue with the goodness-of-fit approadi#egrees of freedom, as well as slightly underestimating but
applied toK-class contingency tables relates to the up @symptotically approximating the case where Evenness is
(K-1) degrees of freedom, which we focus on now. Th@aximum in (50-52) at/K % When the contingency table

assumption of independence of the countirLf of the IS uneven, Evenness factors will be lower and a more
conservative p-value will result from (50-52), whilst
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summing naively across all cells (53-55) they can lead ta
inflated statistics and underestimated p-values. HOWGV(; 1-2
they are the equations that correspond to common usag¢o 0-1
they” and G statistics as well as giving rise implicitly to
Cramer's V = {IN(K- 1)]'* as the corresponding |5 B
estimate of the Pearson correlation coefficipntso that |m-4--3 il
e \/ i ; ; : -5--4 i cocose
Cramer’s V is thus also likely to be inflated as ainesgte |& U000
of association where Evenness is low. We howeveg nd-7--6 ""I,):.'.l_(,zq,;;{,;:
these, consistent with the usual conventions, as qo-8-7 Ui
definitions of the conventional forms of thé statistics
applied to the multiclass generalizations of the Bookmak

050,
00

/ iati : . . ° g S
accracylassociation measures Figure 4. Chi-squared against degrees of freedom
v¥g= (K-1)NB? (53) cumulative density isocontours ¢ = 0.05: cyan/yellow)
*m=  (K-1yNM? (54)

Xem = (K-1yNBM (55)

Note that Cramer's V calculated from standard fulhre assumed to be asymptotically normal and are exbecte
contingency’ and G estimates tends vastly overestimateo be normalized to mear¥0, standard deviatiosr1, and

the level of association as measured by Bookmaker abdth the Pearson and Matthews correlation andtrend
Markedness or constructed empirically. It is also irtgpdr  G® significance statistics implicitly perform such a
to note that the full matrix significance estimatesd(a normalization. However, this leads to significance
hence Cramer’s V and similar estimates from thgse statistics that vary according to which term is in foifus
statistics) are independent of the permutations of pestiictwe sum over rather thari?. In the binary dichotomous
labels (or real classes) assigned to the contingabys, case, it makes sense to sum over only the condition of
and that in order to give such an independent estimaigimary focus, but in the general case it involves leavin
using the above family of Bookmaker statistics, it i®ut one case (label and class). By the Central Limit
essential that the optimal assignment of labels is madeTheorem, summing oveK( 1)* such independent z-scores
perverse solutions with suboptimal allocations of Iabelgives us a normal distribution wit(K- 1).

will underestimate the significance of the contingencvv ) . 2
: . e define a single ca from th 30) calculated
table as they clearly do take into account what otrgiieg for labell = clasgc as f;]%éelToositive g?(cr::)t(om)ous case. We

to demonstrate and how well we are achieving that goal.
next sum over these for all labels other than ogetarto

The empirical observation concerning Cramer’s \get a K- 1)* degree of freedom estimate xe given by
suggests that the strict probabilistic interpretatiorthef

multiclass generalized Informedness and Markedneigm,:zc;él Pote =D Locp— Xuip (56)
measures (probability of an informed or marked decision),

is not reflected by the traditional correlation measuthe \ye then perform a Bid(weighted sum ovep? e to

squared correlation being a coefficient of proportionatg.nieve our label independert-(L)* degree of freedom
determination of variance and that outside of the mcaestimatexzxs as follows (substituting from equation 30

where they match up with BMG, we do not know how t@,ap 39):

interpret them as a probability. However, we alsie rioat

Informedness and Markedness tend to correlate and afxe = Y. Bias() - [NB*Evennesg(l)/ Bias() — %+ ip]
only conditionally independent, so that their product =K v’ke— Yre = K- 1) vke

cannot necessarily be interpreted as a joint prolgbili =K(K- 1)-NB>*Evennesg (57)

notwithstanding that it has the form of a probability.

) . This proves the Informedness form of the generalized
We note further that we have not considered atetrmchoiK_ 1)2 degree of freedonxz statistic (42), and defines

correlation, which estimates the regression of ass“mEQennes,s as the Arithmetic Mean of the individual

und_erlying continuous_ variables to allow calculation Ofjichotomous Evenngg) terms (assuming B is constant).
their Pearson Correlation. The Markedness form of the statistic (43) follows by

) analogous (Dual) argument, and the Correlation form (44)
Sketch Proof of General Chi-squared Test is simply the Geometric Mean of these two forms.eNot
The traditional’ statistics sums over a number of term§OWeVver that this proof assumes that B is constant across
specified byr degrees of freedom, stopping oncéll 1abels, and that assuming the determinaet is
dependency emerges. Thé &atistic derives from a constant leads to a derivative of _(20-21) m_volvmg a
log-likelihood analysis which is also approximated, buflarmonic Mean of Evenness as discussed in the next
less reliably, by the? statistic. In both cases, the variateS€CtoON-:
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practice, when used to test two systems or models other
H\ than the null, the models should be in a sufficientlgdin
\

part of the isodensity contour to be insensitive te th
(L WL | choice of statistic and the assumptions about degtfees o
“ 1 freedom. When tested against the null model, a relgtiv
e constant error term can be expected to be introduced by
sk L “‘#,»’ 'Y using the lower degree of freedom model. The error
HY introduced by the Cramer’s V (K-1 degree of freedom)
S : approximation to significance from’@r x* can be viewed
il L Wy | in two ways. If we start with a ‘Gor ¥? estimate as
' " \ y “Y intended by Cramer we can test the accuracy of the
Ly ,h 1 \( estimate versus the true correlation, markedness and
“\ informedness as illustrated in Fig. 3. Note that we ean s
04 f\"' 'l here that Cramer’s V underestimates association fdr hig
t ‘ i : levels of informedness, whilst it is reasonably adeuter
l . : lower levels. If we use (53) to (55) to estimate
significance from the empirical association measunes,
will thus underestimate significance under conditions of
L high association — viz. it the test is more condereaas
o 1 the magnitude of the effect increases.

021

. 5.3 Generalization of Evenness
" ' The proof that the product of dichotomous Evenness
factors is the appropriate generalization in relatothe
multiclass definition of Bookmaker Informedness and
Markedness does not imply that it is an appropriate
generalization of the dichotomous usage of Evenness in
wsl : SMC | relation to Significance, and we have seen that the
' CM Arithmetic rather the Geometric Mean emerged in the
— x)f above sketch proof. Whilst in general one would assume
pg+t that Arithmetic and Harmonic Means approximate the
08r :EﬁL | Geometric Mean, we argue that the latter is the more
- Ipfp+1 appropriate basis, and indeed one may note that it not only
05+ approximates the Geometric Mean of the other two means
1% 0 m 5 % 0 but is much more stable as the Arithmetic and Harmonic
) ) N , means can diverge radically from it in very uneven
Figure 5. lllustration of significance and Cramer's V. - gjyations; and increasingly with higher dimensionality
110Monte Carlo simulations with 11 stepped expectedy, the other hand, the Arithmetic Mean is insensitive t
Informedness levels (red line) with Bookmaker- o enness and is thus appropriate as a baseline in
estimated Inform_edness (red dOt_S)' I\/_Iarl_<_edness (greeHetermining evenness. Thus the ratios between the means
dot) and Correlation (blue dot), with significance (p+1) 5 \yell as between the Geometric Mean and the geametri

. 2 . .
calculated using X, and Fisher estimates, and oo of the Arithmetic and Harmonic means, give rise to
Cramer’s V Correlation estimates calculated from bothgood measures of evenness.

G? and X. Here K=4, N=128, X=1.96;=p=0.05.

0.4+ B

On geometric grounds we introduced the Determinant of

] - o Correlation,det , generalizingdp, and representing the
The simplified K- 1) degree of freedonfy statistics were o1 me of possible deviations from chance covered by the

mot_iva_lted as weighted averages of the _dichotomoqérget system and its perversions, showing its
statistics, but can also be seen to approxmatex_zghe_ normalization to and Informedness-like statistic is
statistics given the observation that for a réJectiofyenness, the product of the Prevalences (and is exactly
threshold on the null hypothesig,tlpha < 0.05, the™  |nformedness foK=2). This gives rise to an alternative

cumulative isodensity lines are locally linearirfFig. 4).  gichotomous formulation for the aggregate false positive
Testing differences within beta threshold as discussed orror for an individual case in terms of tKel negative

above, is appropriate using tif series of statistics since ¢ageg, using a ratio or submatrix determinant to submatrix
they are postulated to havi-(1) degrees of freedom. ,rqqyct of Prevalences. This can be extended Koabes
Alternately they may be tested according t(?ﬂ?@e“ezs while reflectingK- 1 degrees of freedom, by extending to
of stafistics given they are postulated to differfa X)° e fyil contingency matrix determinaniet , and the full
degrees of freedom, namely the noise, artefact awd ery qqyct of Prevalences, as our definition of anothen for
terms that make the cells different between the twgx Evenness, Evennggeing the Harmonic Mean of the
hypotheses (viz. that contribute to decorrelation). Igichotomous Evenness terms for constant determinant:
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ke = KN -det ¢/  Evennesg (58) In Equations 63-65 Confidence Intervals derived from the
> 2K sse estimates of 82.8 are subscripted to show those
X = KN -det “2 [ Evennesg, (59) appropriate to the different measures of association
Ykem= KN -det ?* /  Evennesgy (60) (Bookmaker Informedness, B; Markedness, M, and their
geometric mean as a symmetric measure of Correl&jon,
Those shown relate tbeta (the empirical hypothesis
Evennesg, = [I]| prev()]% =PrevG (61) based on the calculated B, giving rise to a test of gower
. ) but are also appropriate both for significance tgstire
and that t_he relationship between the three forms gfy, hypothesis (B=0) and provide tight (0-width) bounds
Evenness is of the form on the full correlation (B=1) hypothesis as appropriate
Evennesg = Evenness/ Evenness (62) its signification of an absence of random variation an

hence 100% power (and extending this to include
where the + form is defined as the squared Geometigeasurement error, discretization error, etc.)

Mean (44-46), again suggesting that the — form is best i o ) i i
approximated as an Arithmetic Mean (47-49). The above numeric subscript is 2 as notwithstanding the differen

division by the Harmonic Mean is reminiscent of th@ssumptions behind the calculation of the confidence

Williams’ correction which divides the ‘Gralues by an intervals (0 for the null hypothesis corresponding to
Evenness-like termy=1+(a 2-1)/6Nr  wherea is the alpha =0.05, 1 for the alternate hypothesis corresponding
number of categories for a goodness-of-fit tekt to beta =0.05 based on the weighted arithmetic model,

(McDonald, 2007) or more generall/, PrevH (Williams, and 2 for the full correla_tion hypothesi_s c_orrespondmg t
1976) which has maximur when Prevalence is even,gamma=0.05 —_for practlcgl purposes |t_|s reasonable to
andr=K-1 degrees of freedom, but for the more relevaritSe |2 Bl to define the basic confidence interval fopd.|
usage as an independence test on a complete continge?ib? and Cf,, given variation is due solely to unknown
table withr=(K-1) 2 degrees of freedom it is given byfac ors other than measurement and (_jlscretl_zatlon error.
a2-1=(K/ PrevH1) -(K/ BiasH1) where PrevH and Note_ _that aI_I error, of whatsoever kind, will lead to
BiasH are the Harmonic Means across Khelasses or €MPirical estimates B<1.

labels respectively (Williams, 1976; Smith et al., 1981f the empirical (Cg,) confidence intervals include B=1,
Sokal & Rohlf, 1995; McDonald, 2007). the broad confidence intervals gg) around a theoretical

In practice, any reasonable excursion from Evenness wixPectation of B=1 would also include the empirical
be reflected adequately by any of the means discuss&gntingency — it is a matter of judgement based on an
however it is important to recognize that the + form ignderstandmg of cor_ltrlbutlng error whether the hypothesis
actually a squared Geometric Mean and is the product B IS Supported given non-zero error. In general B=1
the other two forms as shown in (62). An uneven bias gPould be achieved empirically for a true correlation
Prevalence will reduce all the corresponding Evennel8I€ss there are measurement or labelling errorsateat
forms, and compensate against reduced measures®¥fiuded from the informedness model, since B<1 is

association and significance due to lowered determinan@Ways significantly different from B=1 by definition
(there is 1 B=0 unaccounted variance due to guessing).

Whereas broad assumptions and gross accuracy within an - ) o

order of magnitude may be acceptable for calculatfyon® ©Of the traditional confidence or significance
significance tests and p-values (Smith et al., 19813 it measures fully account for discretization error (N<8K)
clearly not appropriate for estimate the strength dPf the distribution of margins, which are ignored by
associations. Thus the basic idea of Cramer’s \aiggtl  traditional approaches. To deal with discretizatiorore
given the rough assumptions and substantial errdf can adopt an sse estimate that is either constant
associated with significance tests. It is thus bettestart Ndependent of B, such as the unweighted arithmetic mean,

with a good measure of association, and use analogdisd Non-trivial function that is non-zero at bothCBand
formulae to estimate significance or confidence. B=1, such as the weighted arithmetic mean which leads to:

Clgs= X -[1-2 |BHF2B?] /2 E (N-1)] (66)

Clws= X - [1-2 |BH2B?] /V[2 E (N-1)] (67)
The discussion of confidence generalizes directly to tl _ 2
general case, with the approximation using Bookmakrgl‘“_x'[l'2 IBI2B% /V[2E (N-1)] (68)
Informedness, or analogously Markedness, applyif@ubstituting B=0 and B=1 into this gives equivalent Cls
directly (the Informedness form is again a Prevalender the null and full hypothesis. In fact it is suféiait to use
weighted sum, in this case of a sum of squared versihe B=0 and 1 confidence intervals based on this variant
absolute errors), viz. since for X=2 they overlap at N<16. We illustrate such a

Recall that the + form of Evenness is exemplified by

5.4 Generalization of Confidence

— .1 N marginal significance case in Fig. 6, where the large
Clez=X- [1- B} /N2 & (N-1)] (63) " Gifference between the significance estimates &r aléth
Clmz= X - [1- |B]] /V[2 E (N-1)] (64) Fisher showing marginal significance or better amo

_~ 2 —~ i~
Cley=X - [1- B /\[2E (N-1)] (65) everywhere, & for B>~0.6,y* for B>~0.8. >~95% of

Bookmaker estimates are within the confidence bands as
required (with 100% bounded by the more conservative
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thus we set the Evenness factor E=PrevG*BiasGkitte

that the difference between Informedness and Markedness
also relates to Evenness, but Markedness values dse like
to lie outside bounds attached to Informedness with
probability greater than the specifibéta . Our model

can thus take into account distribution of margins provided
the optimal allocation of predictions to categories
(labelling) is assigned.

The multiplier X shown is set from the appropriate
(inverse cumulative) Normal or Poisson distribution, and
under the two-tailed form of the hypothesis, X=1.96 gives
alpha , beta and gammaof 0.05. A multiplier of
X=1.65 is appropriate for a one-tailed hypothesesCs 0.
level. Significance of difference from another model
satisfied to the specified level if the specified model
(including null or full) does not lie in the confidence
interval of the alternate model. Power is adequatéeo t
specified level if the alternate model does not lie | th
confidence interval of the specified model. Figure 7
further illustrates the effectiveness of the 95% ematiric
and theoretical confidence bounds in relation to the
significance achievable at N=128 (K=5).

6 Exploration and Future Work

The Bookmaker Informedness measure has been used
extensively by the Al Group at Flinders over the last 5
T BMC years, in particular in the PhD Theses and other
CM publications of Trent Lewis (2003ab) relating to
a8k o Sg+1 || AudioVisual Speech Recognition, and the publications of
— pxt Sean Fitzgibbon (2007ab) relating to EEG/Brain
72;;:1 Computer Interface. Fitzgibbon was also the original
— Ci2 author of the Matlab scripts that are available for
o8 ::’CD || calculating both the standard and Bookmaker statistics
— |6+C|o1|1 (see footnote on first page). The connection with DeltaP
1-CH was discovered by Richard Leibbrandt in the course of his
19 ” m - n 0 PhD research in Syntactic and Semantic Language
Learning. We have also referred extensively to the
Figure 6. lllustration of Signiﬁcance and confidence. equiva|ence of Bookmaker Informedness to ROC AUC’ as
110Monte Carlo simulations with 11 stepped expected ysed standardly in Medicine, although AUC has the form

Informedness levels (red line) with Bookmaker-estimatedof an undemeaned probability, and B is a demeaned
Informedness (red dots), Markedness (green dot) and renormalized form.

Correlation (blue dot), with significance (p+1) calcuthte )

using G, X2 and Fisher estimates, and confidence bands' N€ Informedness measure has thus proven its worth

shown for both the theoretical Informedness andtie ~ aCross a wide range of disciplines, at least in its
and B=1 levels (parallel almost meeting at B=0.5). The dl_chqtomous fo_rm. A particular feature of_ the Lewis and
lower theoretical band is calculated twice, usingibot ~ Fitzgibbon studies, is that they covered different nusibe
Clgs andClg,. Here K=4, N=16, X=1.96;=p=0.05. of classes (exercising the mulp-class form of Bookmaker),

as well as a number of different noise and artefact
lower band), however our B=0 and B=1 confidenc&onditions. Both of these aspects of their work mewatt t

intervals almost meet showing that we cannot distinguid® traditional measures and derivatives of Recall,
intermediate B values other than B=0.5 which is margindr/€cision and Accuracy were useless for comparing the
Viz. we can say that this data seems to be random 5B<0(_jifferent runs and the different conditions, whilst

or informed (B>0.5), but cannot be specific about thelleyBookmaker gave clear unambiguous, easily interpretable

of informedness for this small N (except for B=0.5+0.25)(€sults which ~were contrasted with the traditional
measures in these studies.

If there is a mismatch of the marginal weights betwibe ) ) ) ) ) )
respective prevalences and biases, this is taken tB€ N€WX'ke, X'wkm and 'kem: Z'xe: Xxm and X'xem
contravene our assumption that Bookmaker statistics @/relation statistics were developed heuristicallghwi
calculated for the optimal assignment of class labBfwis ~aPProximative sketch proofs/arguments, and have only
we assume that any mismatch is one of evennessaorly, been investigated to date in toy contrived situations and
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BMG Correlation is the appropriate measure, and
correspondingly we propose thékew is the appropriate

¥? significance statistic. To explore these thoroughlg is
matter for future research. However, in practiceemeltto
recommend the use of Confidence Intervals as illustrate
in Figs 4 and 5, since these give a direct indication of
power versus the confidence interval on the null
hypothesis, as well as power when used with confidence
intervals on an alternate hypothesis.

Furthermore, when used on the empirical mean
(correlation, markedness or informedness), the overflap
the interval with another system, and vice-versa, give
direct indication of both significance and power of the
difference between them. If a system occurs in another
confidence interval it is not significantly differermoin

that system or hypothesis, and if it is it is sfgaintly
different. If its own confidence interval also avoids
overlapping the alternate mean this mutual significasce
actually a reflection of statistical power at a
complementary level. However, as with significance tests
it is important to avoid reading to avoid too much into
non-overlap of interval and mean (not of intervals)has t
actual probabilities of the hypotheses depends also on
unknown priors.

Thus whilst our understanding of Bookmaker and

04F 1 Markedness as performance measure is now quite mature,
BN particularly in view of the clear relationships with exig
' g" measures exposed in this article, we do not regardnturre
06 —p1 || practice in relation to significance and confidence, or
— g;<1++11 indeed our present discussion, as having the same level of
— pp maturity and a better understanding of the significance

— kR and confidence measures remains a matter for further

081 — I-CI2 H R . . . . .
— work, including in particular, research into the multi-slas
- |6+C|c1|1 application of the technique, and exploration of the
1-ch asymmetry in degrees of freedom appropriatalpha
'13 2‘0 4‘0 e‘o a‘o 00 andbeta , which does not seem to have been explored

hitherto. Nonetheless, based on pilot experiments, the
dichotomousy?kg family of statistics seems to be more
reliable than the traditionaf and G statistics, and the
confidence intervals seem to be more reliable tham [tot

: A is also important to recall that the marginal assumption
Co_rrelanonz (blue dot), with significance (p+1) calculhte underlying the both thg? and G statistics and the Fisher
using G, X3, and Fisher estimates, and confidence band

. Exact test are not actually valid for contingenciesetiaon
shown for both the theoretical Informgdness andthe a parameterized or learned system (as opposed to
and B=1 levels (parallel almost meeting at B=0.5). The

. . . . naturally occurring pre- and post-conditions) as the

lower theoretical band is calculated twice, using bogly ClI diff ; ; :
erent tradeoffs and algorithms will reflect different

andClg,. Here K=5, N=128, X=1.96,=B=0.05. : gorthms wi '

margins (biases).

Figure 7. lllustration of significance and confidence.
110Monte Carlo simulations with 11 stepped expected
Informedness levels (red line) with Bookmaker-estedat
Informedness (red dots), Markedness (green dot) and

It also remains to explore the relationship between
Informedness, Markedness, Evenness and the Determinant
of Contingency in the general multiclass case. In
particular, the determinant generalizes to multiple
multi-class experiments and no major body of Worlgimensions to giveav_olur_ne of space that represents the
soverage of parameterizations that are more random than

comparing new and conventional ~approaches contingency matrix and its perverted forms (that is
significance. Just as Bookmaker (or DeltaP') is thé gency P (

rormaive measure of ccurcyfrasystem agaea LTS O e chstes B e el ek |
Standard, so ig’xg the proposeg? significance statistic P ): g

. . . ecessary to maximize Informedness and Markedness and
for this most common situation. For the cross-rater <2 y

cross-system comparison, where neither is normatiee, ence Correlat!on, and the normahzqtlon of the
determinant to give those measures as defined by (42-43)

the Monte Carlo simulations in Figs 3 to 5. In particula
whilst they work well in the dichotomous state, whibrey
demonstrate a clear advantage ovgr traditional
approaches, there has as yet been no no applicatin to
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defines respective multiclass Evenness measur®nte Carlo simulations have been performed in Matlab
satisfying a generalization of (20-21). This alternatasing all the variants discussed above. Violating the
definition needs to be characterized, and is the exact fostrictly positive margin assumption causes NaNs for many
that should be used in equations 30 to 46. The relationslsiatistics, and for this reason this in enforced byngels

to the discussed mean-based definitions remains to &the intersection of paired zero-margin rows and columns
explored, and they must at present be regarded @sarbitrarily for unpaired rows or columns. Anotheayw
approximative. However, it is possible (and arguablgf avoiding these NaN problems is to relax the
desirable) to instead of using Geometric Means amedt! integral/discreteness assumptions. Uniform marge-fr
above, to calculate Evenness as defined by tluistribution, discrete or real-valued, produces a broader
combination of (20-22,42-43). It may be there is aerror distribution than the margin-constrained distrimsi
simplified identity or a simple relationship with thelt is also possible to use so-called copula techniques to
Geometric Mean definition, but such simplifications haveeshape uniformly distributed random numbers to another

yet to be investigated. distribution. In addition Matlab’s directly calculated
binornd function has been used to simulate the binomial
7 Monte Carlo Simulation distribution, as well as the absolute value of the nbrma

istribution shifted by (plus) the binomial standard

. . di
Whilst the Bookmaker measures are exact estimates dgviation. No noticeable difference has been observed due

various probabilities, as expected values, they are Snegg yg|axing the integral/discreteness assumptionspxc

of distributions influenced not only by the underlying, disappearance of the obvious banding and more
decision probability but the marginal and joint

R X . . gnrevalent extremes at low N, outside the recommended
distributions of the contingent variables. In developing ... \m average count of 5 per cell for significance and

these estimates a minimum of assumptions have b&glhfijence estimates to be valid. On the other hand, we

made, includin_g avoiding th_e assumption that the margins;« thatbinornd produced unexpectedly low means
are predetermined or that bias tracks prevalencehasd t ;| always severely underproduced before corréction

it is arguable that there is no attractor at the erpeClrhis |eads to a higher discretization effect and less
values produced as the independent product of margingl,qomness, and hence overestimation of associations.
probabilities. For th_e purposes of_Monte Carlo sm1mrra_t The direct calculation over N events means it takeg o(N
these have been implemented in Matlab 6R12 usingygeq onger to compute and is impractical for N in the
uniform distribution across the full contingency tablerange where the statistics are meaningful. Bineinv

modelling events hitting any cell with equal probability 5, 'vejated functions ultimately ugammaln to calculate
a discrete distribution with K1 degrees of freedom (given y o 65 and thus the copula technique is of reasonable order,

N is fixed). In practice, (pseudo-)random number will N0k yegyits being comparable with those of absolute normal
automatically set K random numbers so that they add

exactly to N, and setting®L cells and allowing the final Figures 2, 3, 5, 6 and 7 have thus all been based on
cell to be determined would give it o(K) times the @l pre-marginalized simulations with discretized absolute
deviation of the other cells. Thus another approach is formal distributions using post-processing as discussed
approximately specify N and either leave the number @fove to ensure maintenance of all constraints, f@ té=
elements as it comes, or randomly increment or dectemd®2 with expected value of N/K = 2 2 and expected B
cells to bring it back to N, or ignore integer diserstss ©0f 0/10 to 10/10, noting that the forced constraint pmces
constraints and renormalize by multiplication. This raiségtroduces additional randomness and that the relative
the question of what other constraints we want to tamin  amount of correction required may be expected to decrease
e.g. that cells are integral and non-negative, and théith K.

margins are integral and strictly positive.

An alternate approach is to separately determine tée Conclusions

prediction bias and real prevalence margins, using Tdoe system of relationships we have discovered is
uniform distribution, and then using conventionabmazingly elegant. From a contingency matrix in count or
distributions around the expected value of each cellelf weduced form (as probabilities), we can construct both
believe the appropriate distribution is normal, or thdichotomous and mutually exclusive multiclass statistics
central limit applies, as is conventionally assumethie that correspond to debiased versions of Recall and
theory of y* significance as well as the theory ofPrecision (28,29). These may be related to the Area under
confidence intervals, then a normal distribution can ke Curve and distance from (1,1) in the Recall-b&sea
used. However, if as in the previous model we envisagmalysis, and it's dual Precision-based method. There a
events that are allocated to cells with some probgpbilitfurther insightful relationships with Matthews Corretati

then a binomial distribution is appropriate, noting thi&s  with the determinant of either form of the matiXT{P or

is a discrete distribution and that for reasonablyday it dtp ), and the Area of the Triangle defined by the ROC
approaches the normal distribution, and indeed the sumpgiint and the chance line, or equivalently the Area of the
independent events meets the definition of the normBhrallelogram or Trapezoid defined by its perverted forms.
distribution except that discretization will cause dewrat

! The author has since corrected this initialization bugatiab.
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Also useful is the direct relationship of the threeontribution of Richard Leibbrandt in drawing to my
Bookmaker  goodness measures  (Informednesatention the connection with DeltaP.

Markedness and Matthews Correlation) with both stahdar

(biased) single variable significance tests as wellhas References
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